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Abstract—We consider the problem distributed learning from
sequential data via online convex optimization. A multi-agent
system is considered where each agent has a private objective
but is willing to cooperate in order to minimize the network
cost, which is the sum of local cost functions. Different from the
classical distributed settings, where the agents coordinate through
the use of consensus constraints, we allow the neighboring agent
actions to be related via a non-linear proximity function. A
decentralized saddle point algorithm is proposed that is capable
of handling gradient delays arising from communication or com-
putational issues. The proposed online asynchronous algorithm is
analyzed under adversarial settings by developing bounds on the
regret of O(

√
T ), that measures the cumulative loss incurred

by the online algorithm against a clairvoyant, and network
discrepancy of O(T 3/4), that measures the cumulative constraint
violation or agent disagreement. By allowing the agents to utilize
stale gradient information, the proposed algorithm embraces
the nuances of distributed learning, and serves to be the first
distributed online algorithm that can handle adversarial delays.
A modified saddle point algorithm is also proposed that explicitly
forces the agents to agree as per the constraint function resulting
in zero network discrepancy, while incurring a slightly higher
regret. To showcase the efficacy of the proposed asynchronous
algorithm, a spatially correlated random field estimation problem
is formulated and solved. Additionally, an application of vision
based target localization with moving cameras demonstrates the
benefits of this approach in practice.

I. INTRODUCTION

The recent surge in multimedia usage coupled with the
increase in the available cellular rates has led to the scarcity
of certain resources such as battery charge and processor
availability [2], [3]. Wireless devices, though capable of
transmitting at high data rates, are increasingly focusing on
optimal resource allocation. Multi-agent systems interested in
carrying out coordinated learning tasks are required to not
only utilize their power budget judiciously, but also refrain
from communicating unnecessarily [4], [5]. Most multi-agent
systems are also heterogeneous, and have disparate sleep
schedules that do not allow continuous data exchange at high
rates. The modern approach towards handling networks with
such reticent and heterogeneous agents is to explicitly design
distributed algorithms that can tolerate errors and delays while
allowing the agents to ’fall behind’ or ’catch up’ intermittently.

This work considers the problem of distributed online
learning with constraints. Keeping the vagaries of distributed
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operation in mind, the goal is to design asynchronous and
flexible optimization algorithms that can learn from sequential
data. We adopt the perspective of online convex optimization
[6], where at each time slot, the learner selects an action
(defining a parametric statistical model, for instance), and
then observes a cost corresponding to that action. In the
face of a non-stationary and possibly adversarial environment,
we adopt a benchmark called regret, which is the difference
between the cumulative costs incurred by the algorithm against
that incurred by a clairvoyant that has access to all the cost
functions up to a fixed time horizon T . An online algorithm
is said to be no-regret if the regret grows sublinearly with T .

We consider a distributed setting wherein each agent i ∈ V
in a network G = (V, E) must act based on a locally observed
sequentially available cost fi,t, but seek to minimize the
global network cost ft =

∑
i fi,t. The traditional approach

is to assign a local action variable xi for agent i but impose
consensus constraints of the form xi = xj for each (i, j) ∈ E
[7], [8]. It is then possible to minimzize the network cost
in a distributed fashion using frameworks such as alternating
directions method of multipliers (ADMM) and distributed
gradient descent (DGD) [8], [9]. Such formulations avoid the
computational bottleneck at individual agents and leverage the
parallel processing capabilities of distributed systems [10].

Complications arise when local variables xi are associated
with disctict priors and the edge relationships are non-linear.
In such settings, forcing consensus across the edges may
degrade the local predictive performance [11], [12]. For in-
stance, within the context of distributed parameter estimation,
if the observations across the network are independent but
not identically distributed, consensus may yield a sub-optimal
solution. Proximity instead of consensus constraints may better
model such edge relationships where agent actions are required
to be close but not exactly equal. Attempts to extend multi-
agent optimization techniques to heterogeneously correlated
problems have been considered in [13], [14] for special loss
functions and correlation models. The generic problem was
recently solved within the deterministic framework in [15].

State-of-the-art online learning algorithms capable of han-
dling non-linear constraints in a distributed manner include
the proximal point algorithms [16], [17]. The idea of handling
non-linear constraints using proximal projection is viable only
when the proximal operation is easy to perform. On the
other hand, the present work allows a much broader class of
convex constraint functions. Further, different from existing
works that insist on synchronous operation, we put forth the
first asynchronous distributed online algorithm that can handle
non-linear constraints in adversarial settings. Asynchrony is
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incorporated by allowing the agents to use stale information in
the form of delayed gradients [18]. These delays are generally
modeled as being random, e.g., arising from a local Poisson
clock at each agent [19], or deterministic and bounded [20],
as considered here. It is remarked that the dual asynchronous
algorithm in [21] can also be used to solve the problem of
interest here, but at a higher per-iteration cost. Specifically, the
primal update in dual-ascent like methods entails solving the
primal subproblem, as opposed to the simpler primal update
step in saddle point methods. Asynchronous algorithms for
unconstrained problems, such as those popular in the machine
learning community [18], [22], are not directly applicable
here due to the presence of constraints. An asynchronous
algorithm for the constrained stochastic optimization problem
is presented in [23] for non-adversarial settings. The algorithm
proposed in [23] assumed independent loss functions at each
time t, hence not applicable to tracking problems which are of
interest in this paper. Additionally, the stationarity assumption
in [23] allows the synchronous and asynchronous updates to
be related to each other through the use of Lipschitz continuity
of the objective function and its gradient.The same cannot be
used in the present case as the objective function also depends
on the time index t. Therefore, an entirely different approach is
required where the asynchrony is handled right from the start
of the analysis. In contrast, asynchronous alternating directions
method of multipliers (ADMM) methods can handle convex
constraints via a projection step, but have never been applied
to online settings where the objective function is adversarial
[24]–[27].

The major contributions of this work are stated as follows.

• In this paper, the algorithm proposed in [15], [28], [29]
is extended to asynchronous settings for heterogeneous
networks for for online multi-agent optimization with
nonlinear network proximity constraints. The proposed
algorithms advocates the use of delayed information in
the form of stale gradient for primal and dual updates .

• The main technical contribution of the paper is to provide
regret bounds both in terms of the global primal cost
and constraint violation, which establish that the proposed
approach belongs to the family of no-regret algorithms for
this more challenging asynchronous setting.

• The proposed algorithm is then applied to the problem of
estimating a spatially correlated random field in an asyn-
chronous sensor network. In addition to that, efficacy of
the proposed algorithm is demonstrated for an application
of vision based target localization with moving cameras.

Different from [1], the detailed analysis for the Theorem 1
is presented in this work. Additionally, a modified saddle point
algorithm is discussed that achieves zero network discrepancy
with regret of O(T 3/4) as summarized in Theorem 2. Further,
we have detailed an application of vision based target tracking
in this work to establish the usefulness of the proposed
algorithm in practice. The paper is organized as follows.
Problem formulation with an example is presented in Sec.
II. Then, Sec.III describes the proposed asynchronous saddle
point algorithm. Technical assumptions and regret bounds are
provided in Sec.IV followed by the applications and numerical

tests in Sec.V. In the end, Sec. VI concludes the paper.
Notations: All the scalars are denoted by regular font

and vector in boldface. Capital boldface letters represents the
matrix. All the vectors are column vectors unless otherwise
stated. In notation x := [x1,x2, · · · ,xN ]T , T denotes the
transpose operation. Alternatively, in

∑T
t=1, T represents the

number of time slots over which summation is taken.

II. PROBLEM FORMULATION

Consider a symmetric, connected, and directed network of
N agents. Let G = (V, E) denote the graph of the network
with |V| = N and |E| =M edges. Each agent i in the network
seeks to develop a strategy for selecting its local sequence of
action or decision variables xi,t ∈ X based on sequentially
revealed convex cost functions fi,u : X → R for u ≤ t.
Departing from the classical online learning framework, the
setting considered here does not require the agents to operate
on a common time scale. That is, agent i observes its local
cost fi,t−τi(t)(·) with a delay of 0 ≤ τi(t) ≤ τ . The quality of
an individual learning rule is measured by the delayed local
regret

RegiT =

T∑
t=1

fi,t−τi(t)(xi,t−τi(t))−min
x∈X

T∑
t=1

fi,t−τi(t)(x). (1)

Stacking the decision variables x := [x1,x2, · · · ,xN ]T and
all individual regrets, we obtain the network delayed regret

RegT :=

T∑
t=1

N∑
i=1

fi,t−τi(t)(xi,t−τi(t))−
T∑
t=1

N∑
i=1

fi,t−τi(t)(x̃
?
T ) (2)

where x̃∗T := argminx∈X
∑T
t=1

∑N
i=1 fi,t−τi(t)(x). Let us

define Ft−τ(t)(x) :=
∑N
i=1 fi,t−τi(t)(x) as a compact notation

for the time varying objective function. Observe that an agent i
may minimize its contribution to RegT in (2) independently
of the other agents based solely upon its local sequence of
costs fi,t, i.e., it is possibly to solve (2) through N parallel
local learning rules.

Numerous works on online multi-agent optimization operate
on the assumption that in addition to making RegT small, they
seek decision variables which coincide. This hypothesis may
be implemented via consensus constraints, i.e.,

xi,t = xj,t for all (i, j) ∈ E (3)

or by modifying the definition of regret to incorporate cross-
agent dependencies, as in [9]. In applications where complex
correlation structures or latent dependences among the agents’
variables are present, the assumption of common estimate
(considered in consensus) is clearly violated. In general,
parameters of nearby agents may be close but not necessarily
all equal, as is the situation in, e.g., the estimation of a
smooth random field that is not uniform. We model this
situation by introducing a convex local proximity function
with real-valued range of the form hij(xi,xj) and a tolerance
γij ≥ 0 to couple the decisions of agent i to that of its
neighbors j ∈ni. The agents must cooperate to ensure that
their individual delayed regrets RegiT as well as their pairwise
constraint violations

[∑T
t=1 hij(xi,t−τi(t),xj,t−τj(t))−γij

]
+
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grow sublinearly over time. Aggregating the pairwise con-
straint violations, define the network discrepancy

NDT :=
∑

(i,j)∈E

[ T∑
t=1

hij(xi,t−τi(t),xj,t−τatij(t))− γij
]
+

(4)

where [·]+ denotes projection onto the non-negatives, and the
comparator in (2) is revised to be the constrained optimizer

x∗T = argmin
x

T∑
t=1

N∑
i=1

fi,t−τi(t)(xi) (5)

s. t. hij(xi,xj) ≤ γij for all (i, j) ∈ E .

The goal of online learning is asymptotic no-regret, i.e.,
limT→∞RegT /T = 0 as well as asymptotic constraint
satisfaction, i.e., limT→∞ NDT /T = 0. Observe here that in
(2) and (4), the delayed costs and constraint functions are both
evaluated at the old decision vector xt−τ (t) rather than the
currently available one xt. The reason for this disparity in the
time index is that in order to establish stability (see Section
IV), the delayed primal costs must be evaluated at delayed
actions, a stipulation that has appeared in past convergence
analysis of asynchronous stochastic methods [30]. Before
continuing, we discuss a representative example.

Example (Estimation of a Correlated Random Field). In
a Gauss-Markov random field, the value of the field at the
location of sensor i, denoted by xi, is of interest. Consider
a sequential estimation problem in which the agents of the
sensor network acquire noisy linear transformations of the
field’s value at their respective positions. Denote θi,t ∈ Rq
as the observation collected by sensor i at time t. Obser-
vations θi,t are assumed to be noisy linear transformations
θi,t = Hixi + wi,t of a signal xi ∈ Rp contaminated with
Gaussian noise wi,t ∼ N (0, σ2I) independently distributed
across agents and time. Ignoring neighboring observations,
the minimum mean square error local estimation problem
at agent i can then be written in the form of (2) with
fi,t(xi,t) = ‖Hixi,t − θi,t‖2. In this paper, we are interested
in cases where the signal θi,t−τi(t) is revealed at time t
(where the delay comes from, for example, feature extraction
or latency due to data acquisition) to sensor i which then
proceeds to determine the causal signal estimate xi,t ∈ Rp
as a function of past observations θi,u for u = 1, . . . , t−τi(t)
and information received from neighboring agents in previous
time slots. The quality of these estimates can be improved
using the correlated information of adjacent agents but would
be hurt by trying to make estimates uniformly equal across the
network. In this setting, the network regret and discrepancy,
respectively, take the form

RegT =

T∑
t=1

N∑
i=1

‖Hixi,t−τi(t) − θi,t−τi(t)‖
2 (6)

−min
x∈X

T∑
t=1

N∑
i=1

‖Hix− θi,t−τi(t)‖
2

NDT =

T∑
t=1

∑
(i,j)∈E

[(1/2)‖xi,t−τi(t) − xj,t−τj(t)‖
2 − γij ]+.

(7)

The constraint (1/2)‖xi,t − xj,t‖2 ≤ γij makes the estimate
x∗i of agent i close to the estimates x∗j of neighboring agents
j ∈ ni but not so close to the estimates x∗k of nonadjacent
agents k /∈ ni. The problem formulation in (6) is a particular
case of (2) with fi,t(xi,t) = ‖Hixi,t − θi‖2 and (4) with
hij(xi,t,xj,t) = (1/2)‖xi,t − xj,t‖2.

III. ALGORITHM DEVELOPMENT

To develop algorithms that yield sublinear growth in regret
(2) and network discrepancy (4), we define the online aug-
mented Lagrangian of a networked learning rule at time t as

Lt(x,λ) =
N∑
i=1

[
fi,t(xi) (8)

+
∑
j∈ni

(
λij (hij(xi,xj)−γij)−

δε

2
λ2ij

)]
.

where the stacked vector λ := [λ1; · · · ;λM ] ∈ RM is the dual
variable associated with each edge (i, j) ∈ E constraint. The
saddle point method applied [31] to the Lagrangian stated in
(8) proposed in [9] takes the following form

xt+1 = PX
[
xt − ε∇xLt(xt,λt)

]
, (9)

λt+1 =
[
λt + ε∇λLt(xt,λt)

]
+
, (10)

where ∇xLt(xt,λt) and ∇λLt(xt,λt), are the primal and
dual gradients of the augmented Lagrangian in (8) with respect
to x and λ, respectively. The notation PX (x) in (9) describes
the component wise orthogonal projection of primal variables
xi onto the given convex compact set X , and [·]+ denotes the
projection onto the M -dimensional nonnegative orthant RM+ .

The updates given in (9) and (10) can be implemented in
decentralized manner as proposed in [15, Prop. 1]. But for
the implementation of primal update at agent i [15, Prop.
1], each agent will require the loss fi,t(xi,t) and its gradi-
ent ∇xi

fi(xi,t) from the adversary. The constraint function
hij(xi,xj) is assumed to be known at each agent and only
requires parameters xj from the neighbor agents to calculate
the gradient∇xihij(xi,xj) and perform the update of (9). The
bottleneck in the implementation of (9) and (10) is the assump-
tion of availability of feedback ∇xi

fi(xi,t) within the same
time slot in which the action xi,t is performed. In practice, the
requirement that fi,t(xi,t) be available for the update of agent i
is violated for the setting considered in this work where convex
costs are revealed with random delays τi(t). This delay may
be caused by latency in data acquisition or feature extraction.
Therefore, to address the fact that convex costs are revealed
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at delayed time slots, and that each agent’s performance is
quantified in terms of delayed regret and constraint violation,
we develop a protocol in which agents are allowed to operate
asynchronously. As in Section II, associate to each agent i a
delay of 0 ≤ τi(t) ≤ τ which denotes the respective gradient
availability of its local objective. The dual variable λt is still
assumed to be passed among the agents within the time frame
of time t. Let us denote the stacked delayed primal variable
as xt−τ (t) :=

[
x1,t−τ1(t),x2,t−τ2(t), · · · ,xN,t−τN (t)

]
. For the

asynchronous saddle point algorithm, the updates take the form

xt+1 = PX
[
xt − ε∇xLt−τ(t)(xt−τ (t),λt)

]
, (11)

λt+1 =
[
λt + ε∇λLt−τ(t)(xt−τ (t),λt)

]
+
, (12)

We define the kth component of stacked primal gradient of
the online Lagrangian in (8) evaluated at time t− τ (t) as

[∇xLt−τ(t)(xt−τ (t),λt)]k = ∇xk
fk,t−τk(t)(xk,t−τk(t)) (13)

+
1

2

∑
j∈nk

(λkj,t + λjk,t)∇xk
hkj(xk,t−τk(t),xj,t−τj(t)) .

Further, the dual gradient of the online Lagrangian (8) at time
t− τ(t) is given as

[∇λLt−τ (t)(xt−τ (t),λt)]k =hkj(xk,t−τk(t),xj,t−τj(t))−γkj
− δελkj,t . (14)

for all j ∈ nk. Due to the fact that the online gradient com-
putations in (13) and (14) associated to agent k decouple from
variables that depend on any other agent in the network except
for those in nk, we obtain that (11) and (12) yield a distributed
algorithm, as summarized in the following proposition.

Proposition 1 The primal and dual updates of (11) and (12)
can be written in terms of N parallel primal with respect to
local variables xi,t as

xi,t+1 = PX
[
xi,t − ε

(
∇xi

fi,t−τi(t)(xi,t−τi(t)) (15)

+
1

2

∑
j∈ni

(λij,t + λji,t)∇xi
hij(xi,t−τi(t),xj,t−τj(t))

)]
.

Similarly, updating λt separates into M updates of λij,t

λij,t+1=
[
(1−ε2δ)λij,t + ε

(
hij(xi,t−τi(t),xj,t−τj(t))

)]
+
. (16)

In contrast to the global time index required to implement
(9) and (10), the implementation of (15) and (16) does not
require waiting for the availability of local cost at time t
before updating. As summarized in Algorithm 1, at time slot
t, after performing the action xi,t, agent i receives delayed
loss fi,t−τi(t)(xi,t−τi(t)) and computes the delayed gradient
∇xifi,t−τi(t)(xi,t−τi(t)) at time stamp t − τi(t). Then each
agent transfers its action xi,t−τi(t) to its neighbors to calcu-
late the proximity constraint ∇xi

hij(xi,t−τi(τ),xj,t−τj,t) and
update its primal and dual variables [cf. (15) - (16)]. Although
each agent has xi,t, it evaluates its cost and constraints at
earlier times xi,t−τi(τ) which is required for sublinear regret.

It is remarked that the asynchronous algorithm updates in
(15) and (16) automatically incorporates the issue of missing

Algorithm 1 AOSP: Asynchronous Online Saddle Point
Require: initialization x0 and λ0 = 0, step-size ε, regularizer δ

1: for t = 1, 2, . . . , T do
2: loop in parallel agent i ∈ V
3: Observe delayed cost fi,t−τi(t)(x), compute grad. (13).
4: Send primal, dual vars. xi,t−τi(t),λij,t to nbhd. j ∈ ni
5: Receive variables xj,t−τj(t),λji,t from neighbors j ∈ ni
6: Update action xi,t+1 using (15) local parameter xi,t

xi,t+1 = PX
[
xi,t − ε

(
∇xifi,t−τi(t)(xi,t−τi(t))

+
1

2

∑
j∈ni

(λij,t + λji,t)∇xihij(xi,t−τi(t),xj,t−τj(t))
)]

.

7: end loop
8: loop in parallel communication link (i, j) ∈ E
9: Update dual variables at network link (i, j) [cf. (16)]

λij,t+1=
[
(1−ε2δ)λij,t + ε

(
hij(xi,t−τi(t),xj,t−τj(t))

) ]
+

10: end loop
11: end for

updates in the network. For instance, to update the dual
variable in (16) at time instance t, if agent i and j are unable
to communicate with each other then older values of primal
variables can be used. Further extending the idea to a large
network, this asynchronous implementation allows the agents
to communication only once after certain time slots. This
feature is important if the agents are located far away in the
network or they seek to minimize the energy consumption.

IV. REGRET BOUNDS

In this section, we establish that the proposed asynchronous
online saddle point method (Algorithm 1) achieves regret
bounds [cf. (2)] and bounds on the time-aggregation of con-
straint violation [cf. (4)] which are sublinear in the final time
T , and thus solve distributed asynchronous online learning
problem with convex inequality constraints. To obtain these
results, technical conditions are required which we state next.

Assumption 1 The objective fi,t(x) for each agent i is Lip-
schitz continuous with constant Lf and satisfies

‖fi,t(x)−fi,t(x̃)‖≤Lf‖x−x̃‖ . (17)

for all t. Likewise, the constraint function hij(x) for each edge
(i, j) satisfies

‖hij(x)−hij(x̃)‖ ≤Lh‖x−x̃‖. (18)

Assumption 2 The set X onto which the primal variables are
projected contains the constrained optimizer as defined in (5).

Assumption 3 For the constraint function, it holds that

D := max
i

max
x∈X

hij(x,xj) ≤ LgR for all j ∈ ni. (19)

Assumption 4 (Delay model) The delay introduced at each
agent i is upper bounded by a finite number τ as τi(t) ≤ τ .
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Assumption 1 is called Lipschitz continuity and associated
with the smoothness of the objective, constraint function and
bounds the maximum changes in function values between
distinct points over the domain. Assumption 2 ensures that
optimal primal variable x∗T ∈ X for all T as defined in (5).
This assumption holds directly if Slater’s condition is satisfied.
In Assumption 3, we assume a bound on the maximum
possible value of the constraint function similar to that of [32].
Assumption 4 describes the type of delay model used in this
paper. This assumptions makes sure that the delays are finite
and bonded above by a constant τ . In order to proceed with
the main analysis of this paper, upper bounds on the squared
norm quantities ‖∇xL(x,λ)‖2 and ‖∇λL(x,λ)‖2 are required.
The bounds developed in [15, eq. 19, 20] holds directly, since
they are established for arbitrary x and λ:

[‖∇xLt(x,λ)‖2] ≤ 2(N +M2)L2(1 + ‖λ‖2) (20)

with L := max(Lf , Lh), and

‖∇λLt(x,λ)‖2≤2ML2
gR

2 +2δ2ε2‖λ‖2. (21)

The idea of representing gradient bounds in terms of dual vari-
able and then using the dual regularization term (δε/2)‖λ‖2
term to control the growth of delayed network discrepancy is
extended to the asynchronous case as well [15].

Remark 1 One may interpret online convex optimization as a
repeated adversarial game, as is common in game theory [33].
In this setting, at time t, an adversary is assumed to select a
loss function ft informing the merit of an action xt taken by
the learner. In the asynchronously delayed setting of this work,
for each taken action xi,t is succeeded by the revealing of a
loss function fi,t−τi(t) as feedback. Observe, however, that
we do not evaluate the loss fi,t−τi(t) at the most recent action
but instead at the delayed action xi,t−τi(t). Doing so allows
us to address the possible instabilities caused by asynchrony
associated with delay τi(t). We can interpret these delays as
being selected by an adversary, as in [34]. In principle, a whole
family of costs at times [t− τi(t), t] could be revealed to the
agent, but in this work we evaluate the most recent gradient.

For the establishment of sub-linear regret bound and delayed
network discrepancy, the following lemma established.

Lemma 1 Under Assumptions 1 - 4, for the sequence of
(xt,λt) generated by the saddle point algorithm in (11) and
(12) with step-size ε, it holds that

Lt−τ (t)(xt−τ (t),λ)− Lt−τ (t)(x,λt)

≤ 1

2ε

(
‖xt−x‖2−‖xt+1−x‖2 + ‖λt − λ‖2−‖λt+1−λ‖2

)
+
ε

2

(∥∥∇xLt−τ (t)(xt−τ (t),λt)
∥∥2+‖∇λLt−τ (t)(xt−τ (t),λt)‖2

)
+∇xLt−τ (t)(xt−τ (t),λt)

T
(xt−τ (t) − xt). (22)

Variants of this lemma appear in past works on primal-dual
methods for constrained online learning [15], [32], [35], and
make use of the convex-concave structure of the Lagrangian
in (8). The main difference here is the primal variable xt−τ (t)
used for Lagrangian and its gradient. Due to the asynchronous

nature of the proposed algorithm, we get an extra term involv-
ing inner product of primal gradient and difference of xt−τ (t)
and xt. Clearly, for synchronous case with τ (t) = 0, the
result in (22) is identical to [15, Lemma 1]. The asynchronous
extension (Lemma 1) allows us to establish the sublinear regret
bound and sublinear delayed network discrepancy stated next.

Theorem 1 The network regret RegT [cf. (2)] for the set of
actions (xt,λt) generated by Algorithm 1 with constant step-
size ε = T−1/2 grows sublinearly in final time T :

RegT ≤ O(
√
T ). (23)

Moreover, the delayed network discrepancy (constraint vio-
lation) of the algorithm grows sublinearly in final time T as

NDT ≤O(T 3/4). (24)

Theorem 1 establishes that the sequence of actions chosen by
each agent in the network according to Algorithm 1 yield both
a sublinear growth in the delayed regret and network discrep-
ancy (constraint violation). These results are comparable to
existing results for the setting in which the network operates
on a synchronized clock [15], but do not require global
coordination among agents in order to achieve convergence.
These bounds are similar to mean convergence behavior of
primal-dual stochastic methods to an error-neighborhood of a
radius depending on the final iteration index.

Remark 2 It can be seen that the step size ε in Theorem
1 depends on the time horizon T . In real-time or streaming
settings where T is not known in advance, it is possible to
use the so-called doubling trick [36, Sec. 2.3.1]. The idea is
to divide the time horizon into epochs such that the k-th epoch
is of duration 2k. Restarting the algorithm at each epoch with
the corresponding value of ε still yields the same regret and
network discrepancy as that in Theorem 1, up to a constant
factor.

A. Regret bounds with zero network discrepancy
For certain applications such as cellular resource allocation

where constraints translate to physical limitations such as
maximum transmit power, constraint violation may not be an
option. Likewise, if the agents in a system are required to be
within the communication range, violating the constraints may
be catastrophic. In such cases, it may be desirable to enforce
zero network discrepancy even at the cost of higher regret.
This section puts forth a modified algorithm that achieves
zero network discrepancy while still incurring sublinear regret.
Intuitively, this is accomplished by tightening the constraints
in (5) to be of the form hij(xi,xj) + κ <= γij where κ > 0
is a small constant that is carefully selected to yield zero
NDT while keeping the regret bounded by O(T 3/4). A similar
approach was first proposed in [32] within the synchronous
and centralized setting.

For the sake of brevity, let us redefine some notations for
this subsection. We consider

h(x) := max
(i,j)∈E

(hij(xi,xj)− γij), (25)
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and h(x) ≤ 0 is a sufficient condition to satisfy all the
constrains. Next, we need a sequence of actions xt such that
NDT =

∑T
t=1 h(xt−τ(t)) ≤ 0 in a long run. The idea is to add

a constant κ to constraint in (25) and then solve the following
optimization problem

xκ∗ = argmin
x

T∑
t=1

Ft−τ(t)(x) (26)

s. t. h(x) + κ ≤ 0.

In order to proceed with the analysis, we make the following
assumption.

Assumption 5 The norm of the gradient of the modified
constraint function h(x) is lower bounded at the boundary
as

min
h(x)+κ=0

‖∇h(x)‖ ≥ σ. (27)

Considering the Assumption 5 and the result in [32, Theorem
7], we present the following Corollary 1.

Corollary 1 Let x0
? is the solution of (26) while setting κ = 0,

and F (x) =
∑T
t=1 Ft−τ(t)(x) we have

|F (x0
?)− F (xκ?)| ≤

Lf
σ
κT. (28)

Proof: The optimization problem in (26) can be equiva-
lently written using the Lagrangian relaxation as

F (xκ?) = min
x

max
λ≥0

T∑
t=1

Ft−τ(t)(x) + λ(h(x) + κ). (29)

Let xκ? and λκ? be the optimal solutions to (29), which implies

F (xκ?) = min
x

T∑
t=1

Ft−τ(t)(x) + λκ?(h(x) + κ) (30)

≤
T∑
t=1

Ft−τ(t)(x
0
?) + λκ?(h(x

0
?) + κ) (31)

≤ F (x0
?) + κλκ? (32)

where the inequality in (31) follows from the optimality of
xκ? , and second inequality of (32) follows from the optimality
of x0

? which implies that h(x0
?) ≤ 0. In order to get the result

in Corollary 1, we need to upper bound the dual optimal λκ? .
From the optimality condition in (29), we can write

−∇F (xκ?) = λκ?∇h(xκ?). (33)

From Assumption 1 and Assumption 5, it holds that

λκ? ≤
‖∇F (xκ?)‖
‖∇h(xκ?)‖

≤ LfT

σ
. (34)

Under the Assumption 5 and Corollary 1, we present the main
result of this subsection in the form of Theorem 2 with proof
provided in Appendix C.

Theorem 2 With constant κ added to the constraint, for the
set of actions (xt,λt) generated by proposed algorithm, it
holds that

RegT ≤ O(T 3/4) (35)

with NDT → 0.

Theorem 2 establishes that it is possible to achieve zero
network discrepancy while incurring a higher regret as com-
pared to that in Theorem 1. As discussed earlier, such a
result is useful for cases where constraint violations might
be catastrophic.

V. APPLICATIONS AND NUMERICAL TESTS

A. Correlated Random Field Estimation

We return to the problem of random spatially correlated
random field estimation as detailed in Sec. II. Consider the
planar field A ⊆ R2 covered with N number of wireless
sensors deployed uniformly in a grid form over the field.
The spatial field between the two sensors i and j is correlate
through the relation ρ(xi,xj) := exp−2.2‖li−lj‖, where li ∈ A
and lj ∈ A are the location of the sensors i and j, respectively.
Due to this spatial correlation, agents which are close to each
other will have the same field while the distant agents are less
important. Each sensor in the network collects θi,t which is
the noisy linear transformation of the original field xi at time
instant t. From this sequential reception of data, the task is to
find an estimate xi,t which will minimize the regret defined
in (2) and satisfy the neighborhood constraints of (4) in long
run. The updates for Algorithm 1 take the form

xi,t+1 = PX
[
xi,t − εt

(
2(Hixi,t−τi(t) − θi,t−τi,t−τi(t))

+
1

2

∑
j∈ni

(λij,t + λji,t)(
∥∥xi,t−τi(t) − xj,t−τj(t)

∥∥2 − γij))] ,
λij,t+1 =

[
(1−ε2t δ)λij,t+

εt
2
[
∥∥xi,t−τi(t) − xj,t−τj(t)

∥∥2−γij ]]
+
.

(36)

For the simulations purpose, we consider a wireless sensor
network of N = 20 agents for the scalar field estimation (p =
q = 1) where agents are placed at constant distance over the
planar region of A := {(x, y) : 0 ≤ x ≤ 200, 0 ≤ y ≤
200}. The spatial correlation factor γij is considered to be
γij = ρ(xi,xj). The other parameter values are σ2 = 50,
εt = ε = 10−2.2, and δ = 103. Observe that the matrix H will
be scalar in this case an considered to be equal to 1 for all
agents. For the asynchrony, the maximum delay is τ = 10.

In Fig. 1a and Fig. 1b, respectively, we plot the evolution
of Regt/t and NDt/t for both synchronous ( [15]) and
asynchronous cases. The optimal x∗T is calculated by solving
the centralized problem in cvx. Observe that the average regret
and constraint violation goes to zero as T →∞.

B. Target Localization with Moving Cameras

Target localization in the three-dimensional space has been
a research problem of interest for a long time. It finds
applications in radar systems [37], mobile positioning system
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Fig. 1: Algorithm 1 applied to random spatially correlated field estimation. Observe that stability behavior in both the asynchronous and
synchronous implementations are comparable. Thus, we may solve decentralized online learning problems without a synchronized clock.

in wireless networks [38], search and rescue missions [39], and
sensor networks [40]. One of the popular methods for target
localization is using Angle of Arrival (AOA) measurements.
To get AOA measurements, commonly directional antennas
are deployed on each sensor in the network [41], [42]. But for
vision based target localization which is problem of interest
here, moving cameras are deployed at each sensor for the
measurement. For instance, think of a scenario in which
cameras mounted on UAVs to hover around the target for the
localization purpose as described in Fig. 2. A similar problem
is considered in [43] with the assumption of fixed cameras.
But in realistic scenarios, the assumption of fixed cameras is
very restrictive because the target location could be arbitrary
and sometimes it is not even possible to install cameras around
the location of the target. Therefore, it becomes necessary to
create a temporary network by sending camera mounted on
UAVs to get the location of the target.

Ground

Target

Moving cameras

X

Y

Z

Fig. 2: Vision based target localization with moving cameras

To formulate the problem, consider a connected, undirected
network G = {V, E} of N = |V| agents and E = |E| edges.
Each agent is equipped with a camera and agent is moving in
nature such as UAVs. Each camera i cooperate with the other
cameras in its neighborhood ni to estimate the target location.
To capture the three-dimensional location of the target, we
need at least two cameras since width information is lost

while taking picture with a camera. It is assumed that the
time-varying location ci(t) ∈ R3 in global coordinates and
orientation of the cameras is sequentially revealed at each
time instant t. Each camera i estimates the unit directional
vector di(t) from the image it captures of the target and then
convert it into global coordinate unit directional vector si(t)
using known rotation matrix Ri as described in [43]. With
the camera coordinates ci(t) and directional vector si(t), we
obtain a line in 3-dimensional space representing sight of the
target for each camera i as follows

`i(t) :
x− cxi (t)

sxi (t)
=
y − cyi (t)

syi (t)
=
z − czi (t)

szi (t)
, (37)

where the superscripts x, y, z represents the x, y, z coordinates
in 3-dimensional space.

There are N such lines at each time instant t generated by
each camera. Since the target might be away from the observed
line, it is required to measure the perpendicular distance of the
target from each line. Let us assume that the perpendicular
drawn from target to each line will intersect at a point oi(t)
for camera i. Since this point is on the line `i(t), it holds that

oxi (t)− cxi (t)

sxi (t)
=

oyi (t)− cyi (t)

syi (t)
=

ozi (t)− czi (t)

szi (t)
= ai(t).

(38)

Alternatively, since the line from target to `i(t) is a perpen-
dicular, we can write

ai(t) =
si(t)

T (z− ci(t))

si(t)T si(t)
(39)

which further results in

oi(t) = ai(t)si(t) + ci(t). (40)

Using (39) and (40), the objective function of minimizing the
perpendicular distance between line `i(t) and target location
z can be written as

fi,t(z) := ‖oi(t)− z‖2 . (41)

Next, from practical perspective, it is motivated that location
estimate of each camera need not be exactly equal to the true
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location of the target z. The location estimates of each camera
could be within

√
γ ball around the target location. Hence,

each camera need to estimate the location zi such that

(1/2)
∥∥zi − zj

∥∥2 ≤ γ (42)

for all (i, j) ∈ E and where γ is a predefined constant. From
(41) and (42), the online augmented Lagrangian can be written
as

Lt({zi}i,λ) =
N∑
i=1

[
‖oi(t)− z‖2 (43)

+
1

2

∑
j∈ni

(
λij

(
(1/2)

∥∥zi − zj
∥∥2 − γ)− δε

2
λ2ij

)]
.

The goal here is to solve the problem formulated in (43) in a
decentralized and asynchronous manner. Since the directional
vectors si(t) for each camera i are sequentially available, we
apply the proposed asynchronous saddle point algorithm to
solve (43). Further, since each camera is moving and captures a
new image at each time instant t, it may take some processing
time to calculate the directional vector for the corresponding
time instance si(t). Therefore, an asynchronous algorithm is
required which can utilize the previously calculated directional
vectors (calculated at t − τi(t)) at current time instant t.
We associate a dual variable λij to each constraint and
corresponding primal and dual updates are written as

zi,t+1 =zi,t − ε
[
∇fi,t−τi,t(zi,t−τi,t)

+
∑
j∈ni

λi,j(t)(zi,t−τi,t − zj,t−τj,t)
]

(44)

λij,t+1=
[
(1−ε2δ)λij,t+ε(

∥∥zi,t−τi,t−zj,t−τj,t∥∥2−2γ)]
+

(45)

For the simulation purposes, we consider a network of N = 5
cameras hovering around a target. The cameras are free to
move in any direction as long as they can see the target to be
localized. Fig. 3a shows the regret performance of centralized
synchronous stochastic gradient descent and decentralized
asynchronous saddle point methods. It is clear that both the
algorithms have the similar regret rate but the later exhibits
the decentralized implementation which is of more practical
importance. Fig. 3b shows the network constraint violation for
a particular pair of agents (i, j) ∈ E which clearly shows that it
goes to zero as T →∞. Next, Fig. 4 demonstrates the working
of the vision based target localization with moving cameras.
It has been observed that the arbitrary motion of the cameras
does not affect the estimates of the target location at each agent
(camera). In this figure, red square shows the target position
and all other triangles shows the different camera positions at
different time instances. It is clear that the estimate of target
location at each camera comes closer to the actual positions
with in 40−50 iterations of the proposed algorithm represented
by solid lines of different color.

VI. CONCLUSION

We consider a multi-agent system comprising of agents with
heterogeneous computational capabilities. Each agent has a

Fig. 4: Top view of vision based target localization using five cameras
with target on ground. The marked lines represents the different
camera movements and solid lines represents the local estimation
of the target at each camera.

local objective that is revealed to it in an online fashion, but
seeks to cooperate with other agents in order to minimize the
global objective. A distributed and asynchronous online saddle
point algorithm is proposed that allows the agent actions to be
related via a non-linear constraint. The proposed algorithm
readily handles adversarial bounded delays in the gradient
information, while incurring a regret of at most O(

√
T ). Due

to the online and distributed nature of the problem, the agents
also incur a network discrepancy of O(T 3/4). A modified
saddle point algorithm is also proposed that eliminates the
network discrepancy but incurs a regret of O(T 3/4). The pro-
posed algorithm is tested on the problem of correlated random
field estimation and that of vision-based target localization
with moving cameras.

APPENDIX A
PROOF OF LEMMA 1

The proof is split into two parts, corresponding to
establishing an upper bound on Lt−τ (t)(xt−τ (t),λt) −
Lt−τ (t)(x,λt) and a lower bound on Lt−τ (t)(xt−τ (t),λt)−
Lt−τ (t)(xt−τ (t),λ).

Bound on Lt(xt−τ (t),λt) − Lt(x,λt): We begin with
the observation that for any x ∈ X , it holds from (11) that

‖xt+1 − x‖2 = ‖PX [xt − ε∇xLt−τ (t)(xt−τ (t),λt)]− x‖2

≤ ‖xt − ε∇xLt−τ (t)(xt−τ (t),λt)− x‖2 (46)

= ‖xt − x‖2 − 2ε∇xLt−τ (t)(xt−τ (t),λt)
T
(xt − x)

+ ε2‖∇xLt−τ (t)(xt−τ (t),λt)‖2, (47)

where (46) follows from the fact that the projection
operator PX [·] is non-expansive. Next, adding
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Fig. 3: Algorithm 1 applied to vision based target localization problem. Observe that stability behavior in both the asynchronous and
synchronous implementations are comparable. Thus, we may solve decentralized online learning problems without a synchronized clock.

∇xLt−τ (t)(xt−τ (t),λt)Txt−τ (t) on the both sides of
(47) and rearranging, we obtain

∇xLt−τ (t)(xt−τ (t),λt)
T
(xt−τ (t) − x)

≤ 1

2ε

(
‖xt − x‖2−‖xt+1 − x‖2

)
+
ε

2

∥∥∇xLt−τ (t)(xt−τ (t),λt)
∥∥2

+∇xLt−τ (t)(xt−τ (t),λt)T (xt−τ (t) − xt). (48)

Since the Lagrangian is a convex function of x, the first order
condition for convexity implies that

Lt−τ (t)(xt−τ (t),λt)− Lt−τ (t)(x,λt)
≤ ∇xLt−τ (t)(xt−τ (t),λt)

T
(xt−τ (t) − x), (49)

which, together with (48) yields

Lt−τ (t)(xt−τ (t),λt)− Lt−τ (t)(x,λt)

≤ 1

2ε

(
‖xt − x‖2 − ‖xt+1 − x‖2

)
+
ε

2

∥∥∇xLt−τ (t)(xt−τ (t),λt)
∥∥2

+∇xLt−τ (t)(xt−τ (t),λt)
T
(xt−τ (t) − xt) (50)

which is the desired bound.
Bound on Lt−τ (t)(xt−τ (t),λt) − Lt−τ (t)(xt−τ (t),λ):

The derivation of the bound proceeds along similar lines as
before. In this case, for any λ ≥ 0 we have that

‖λt+1 − λ‖2 = ‖[λt + ε∇λLt(xt−τ (t),λt)]+ − λ‖2. (51)

Using the non-expansiveness of the projection operator [·]+,
concavity of the Lagrangian function with respect to λ, and
reordering the terms as before, we obtain

Lt−τ (t)(xt−τ (t),λt)− Lt−τ (t)(xt−τ (t),λ) (52)

≥ 1

2ε

(
‖λt+1 − λ‖2 − ‖λt − λ‖2

)
− ε
2
‖∇λLt−τ (t)(xt−τ (t),λt)‖2,

which is the desired bound.
The required result in (22) follows simply by combining the

bounds in (50) and (52).

APPENDIX B
PROOF OF THEOREM 1

The theorem is divided into three main steps. First, an upper
bound in developed for the lagrangian which consists of sum
of regret term and constraint violation term. After obtained the
upper bound in terms of step size ε, we separately derive the
sublinear delayed regret and sublinear network discrepancy.
Substituting the expression for the augmented Lagrangian (cf.
(8)) and the bounds in (20)-(21) in (22), and collecting the
common terms yields

N∑
i=1

[fi,t−τi(t)(xi,t−τi(t))− fi,t−τi(t)(xi)] +
δε

2
(‖λt‖2−‖λ‖2)

+
∑

(i,j)∈E

[
λij
(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)
− λij,t (hij(xi,xj)−γij)

]
≤
[ 1
2ε

(
‖xt−x‖2−‖xt+1−x‖2+‖λt−λ‖2−‖λt+1−λ‖2

)
+
ε

2

(
K1 +K2‖λt‖2

)]
+∇xLt−τ (t)(xt−τ(t),λt)T (xt−τ(t) − xt), (53)

where K1 := 2(N +M2)L2 + 2ML2
gR

2 and K2 := 2(N +
M2)L2 + 2δ2ε2. Recall that since x is feasible, it holds that
hij(xi,xj) − γij ≤ 0 for all (i, j) ∈ E . Therefore, the last
term on the left hand side of (53) can be dropped. Recalling
the definition of Ft(x) from (2), (53) yields

Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x) +
δε

2
(‖λt‖2−‖λ‖2)

+
∑

(i,j)∈E

[
λij
(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]
≤ 1

2ε

(
‖xt−x‖2−‖xt+1−x‖2+‖λt−λ‖2−‖λt+1−λ‖2

)
+
ε

2

(
K1 +K2‖λt‖2

)]
+ I, (54)

where

I := ∇xLt−τ (t)(xt−τ(t),λt)T (xt−τ(t) − xt). (55)
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Let us develop upper bound for I first as follows.

I ≤
∥∥∇xLt−τ (t)(xt−τ(t),λt)

∥∥∥∥(xt−τ(t) − xt)
∥∥ . (56)

The Inequality in (56) follows from Cauchy- Schwartz inequal-
ity. Next, considering the term

∥∥xt − xt−τ(t)
∥∥, note that

∥∥xt − xt−τ(t)
∥∥ ≤ t−1∑

k=t−τ

‖xk+1 − xk‖

≤ ε
t−1∑

k=t−τ

∥∥∇xLk−τ(k)(xk−τ(k),λl)
∥∥ . (57)

For brevity, let us denote Bt :=
∥∥∇xLt−τ (t)(xt−τ (t),λt)

∥∥
and substituting upper bound obtained in (57) into (56), we
get

I ≤ ε
t−1∑

k=t−τ

[BtBk] ≤
ε

2

t−1∑
k=t−τ

[B2
t +B2

k] (58)

=
ε

2

[
τB2

t+

t−1∑
k=t−τ

B2
k

]
. (59)

In the above derivation, the second inequality in (58) follows
from the application of ab ≤ a2+b2

2 . Next, applying the
gradient norm square upper bound of (20), we obtain

I ≤ ε

2

[
τ
(
(N +M)L2(1 + ‖λt‖2)

)
+

t−1∑
k=t−τ

(
(N +M)L2(1 + ‖λk‖2)

) ]
(60)

=
ε

2

[
2τ(N +M)L2 + τ(N +M)L2 ‖λt‖2

+(N +M)L2
t−1∑

k=t−τ

‖λk‖2
]
. (61)

By multiplying the last term of (61) by τ , we get the following
inequality

I ≤ ε

2

[
2τ(N +M)L2 + τ(N +M)L2 ‖λt‖2

+ τ(N +M)L2
t−1∑

k=t−τ

‖λk‖2
]

(62)

≤ ε

2
τK1

[
2 +

t∑
k=t−τ

‖λk‖2
]
, (63)

where (63) holds from (N +M)L2 < K1. Substituting the

bound obtained in (63) into (54), we get

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x) +

δε

2
(‖λt‖2−‖λ‖2)

]
(64)

+
∑

(i,j)∈E

[
λij
(
hij(xi,t−τi(t),xj,t−τj(t))−γij

) ]
≤
[ 1
2ε

(
‖xt−x‖2−‖xt+1−x‖2+‖λt−λ‖2−‖λt+1−λ‖2

)
+
ε

2

(
K1 +K2‖λt‖2

)]
+
ε

2
τK1

[
2 +

t∑
k=t−τ

‖λk‖2
]
(65)

=
[ 1
2ε

(
‖xt−x‖2−‖xt+1−x‖2+‖λt−λ‖2−‖λt+1−λ‖2

)]
+
ε

2
K +

ε

2
K2 ‖λt‖2 + ετK1

t∑
k=t−τ

‖λk‖2 . (66)

Last equality of (66) is obtained by combining the various
constant terms and written as K := K1(1+ 2τ). Assume that
the delay is zero for 1 ≤ t ≤ τ which is required to make the
difference t− τ always positive. Take the summation on both
sides of (66) from t = 1 to T and telescopic sum yields

T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x) +

δε

2
(‖λt‖2−‖λ‖2)

+
∑

(i,j)∈E

[
λij
(
hij(xi,t−τi(t),xj,t−τj(t))−γij

) ] ]

≤
T∑
t=1

[ 1
2ε

(
‖x1−x‖2 +‖λ1−λ‖2

)
+
ε

2
K
]

+
1

2
K2

T∑
t=1

ε ‖λt‖2 + ετK1

T∑
t=1

t∑
k=t−τ

‖λk‖2 . (67)

The terms related to −‖xT+1 − x‖ and −‖λT+1 − λ‖ are
removed because they are upper bounded by 0. Observe that
the last sum in (67) expression can be further expressed as

T∑
t=1

t∑
k=t−τ

‖λk‖2 = ‖λ1‖2 + (‖λ1‖2 + ‖λ2‖2)

+ (‖λ1‖2 + ‖λ2‖2 + ‖λ3‖2) + · · ·
+ (‖λT−τ‖2+‖λT−τ+1‖2+· · ·+ ‖λT ‖2).

(68)

The representation in (68) would result in the following bound

T∑
t=1

t∑
k=t−τ

‖λk‖2 ≤ (τ + 1)

T∑
t=1

‖λt‖2 . (69)

Utilizing the upper bound obtained in (69) into (67), we get
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T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x) +

δε

2
(‖λt‖2−‖λ‖2)

+
∑

(i,j)∈E

[
λij
(
hij(xi,t−τi(t),xj,t−τj(t))−γij

) ] ]
≤ 1

2ε

(
‖x1−x‖2+‖λ1−λ‖2

)
+
εKT

2

+
ε

2
K2

T∑
t=1

‖λt‖2 + ετ(τ + 1)

T∑
t=1

‖λi‖2 . (70)

Rearranging the like terms, we get
T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x)−

δε

2
‖λ‖2

]
(71)

+
∑

(i,j)∈E

λij

[
T∑
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

) ]

≤ 1

2ε

(
‖x1−x‖2+‖λ1−λ‖2

)
+
εKT

2

+
ε

2

T∑
t=1

[
K2 + 2τ(τ + 1)− δ

]
‖λt‖2. (72)

Now for fixed T , we will select δ such that K2+2τ(τ+1) ≤ δ
in order to drop the last terms associated with λt. Finally, we
have
T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x)−

δε

2
‖λ‖2

]
(73)

+
∑

(i,j)∈E

λij

[
T∑
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

) ]

≤ 1

2ε

(
‖x1−x‖2+‖λ1−λ‖2

)
+
εKT

2
. (74)

Now, using the condition that λ1 = 0 and collecting the like
terms of λ to the left hand side of (74), we get
T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x)

]
−
(
δεT

2
+

1

2ε

)
‖λ‖2

+
∑

(i,j)∈E

[
T∑
t=1

λij
(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]

≤ 1

2ε
‖x1−x‖2 +

εTK

2
. (75)

Now, let g(λ) is defined as

g(λ) =
∑

(i,j)∈E

λij

[
T∑
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]

−
(
δεT

2
+

1

2ε

)
λ2ij . (76)

Calculating the gradient of (76) and then solving for each dual
variable, we get

λ̃ij =
1

δεT + 1/ε

[
T∑
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]
+

.

(77)

Substituting it back in (75), we get

T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x)

]

+
∑

(i,j)∈E

[∑T
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]2
+

δεT + 1/ε
(78)

≤ 1

2ε
‖x1−x‖2 +

εTK

2
. (79)

Now select ε = 1/
√
T , we get

T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x)

]

+
∑

(i,j)∈E

[∑T
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]2
+√

T (δ + 1)

≤
√
T

2

[
‖x1−x‖2 +K

]
. (80)

To obtain the regret result: The second term of the left
hand side of (80) is always lower bounded by zero, therefore
it holds that

T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x?T )

]
≤
√
T

2

[
‖x1−x?T ‖2 +K

]
= O(

√
T ). (81)

For constraint violation sub-linear growth: Note that
from the Lipschitz continuity of the objective function, we
have |Ft−τ (t)(xt−τ (t))−Ft−τ (t)(x?T )| ≤ Lf

∥∥xt−τ (t) − x?T
∥∥.

An immediate consequence of this inequality is that
Ft−τ (t)(xt−τ (t))−Ft−τ (t)(x?T ) ≥ −2LfR, using this in (80),
we get

∑
(i,j)∈E

[
T∑
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]2
+

≤
√
T (δ + 1)

(
O(
√
T ) + 2TLfR

)
≤ (δ + 1)

√
T
(
O(
√
T ) + 2TLfR

)
. (82)

Considering the lower bound for left hand side of (82), we get[
T∑
t=1

(
hij(xi,t−τi(t),xj,t−τj(t))−γij

)]2
+

≤ (δ + 1)
(
O(T ) + 2T 3/2LfR

)
. (83)

Take the square root on both sides and then sum over all (i, j),
we get ∑

(i,j)∈E

[ T∑
t=1

(hij(xi,t−τ ,xj,t−τ )−γij)
]
+

≤
√
(δ + 1)

(
O(
√
T ) + 2T 3/4LfR

)
. (84)

Hence proved.
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It is remarked that for the step size choice of ε = 1√
T

, the
selection of parameter δ is such that

2δ2

T
+ (N +M)L2 + 2τ(τ + 1) ≤ δ. (85)

For a sufficiently large T , we can always choose δ ≥ (N +
M)L2 + 2τ(τ + 1).

APPENDIX C
PROOF OF THEOREM 2

The online augmented Lagrangian with the update con-
straint is written as

Lt(x, λ) = Ft(x) + λ(h(x) + κ). (86)

Substituting this into the result of Lemma 1, we obtain

[Ft−τ(t)(xt−τ(t))− Ft−τ(t)(x)] +
δε

2
(λ2t−λ2)

+
[
λ
(
h(xt−τ(t))+κ

)
− λt (h(x)+κ)

]
≤
[ 1
2ε

(
‖xt−x‖2−‖xt+1−x‖2+(λt−λ)2−(λt+1−λ)2

)
+
ε

2

(
K ′1 +K ′2λ

2
t

)]
+∇xLt−τ (t)(xt−τ(t), λt)T (xt−τ(t) − xt), (87)

where K ′1 := 2(N + 1)L2 + 4L2
gR

2 + 2κ2 and K ′2 := 2(N +
1)L2 + 2δ2ε2. Now consider x = xκ? , for which it holds that
h(xκ?) + κ ≤ 0. Therefore, the last term on the left hand side
of (87) can be dropped. Applying the bound in (63) on the
last term on right hand side of (87), we get

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x) +

δε

2
(λ2t−λ2)

]
(88)

+
[
λ
(
h(xt−τ(t))+κ

) ]
≤
[ 1
2ε

(
‖xt−x‖2−‖xt+1−x‖2+(λt−λ)2− (λt+1−λ)2

)
+
ε

2

(
K ′1 +K ′2λ

2
t

)]
+
ε

2
τK ′1

[
2 +

t∑
k=t−τ

λ2k

]
(89)

=
[ 1
2ε

(
‖xt−x‖2−‖xt+1−x‖2+(λt−λ)2− (λt+1−λ)2

)]
+
ε

2
K ′ +

ε

2
K ′2λ

2
t + ετK ′1

t∑
k=t−τ

λ2k. (90)

Last equality of (90) is obtained by combining the various
constant terms and written as K ′ := K ′1(1+2τ). Assume that
the delay is zero for 1 ≤ t ≤ τ which is required to make
the difference t− τ always positive. Taking the summation on
both sides of (90) from t = 1 to T and applying the similar
steps from (66) to (80), we obtain

T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(xκ?)

]

+

[∑T
t=1 h(xt−τ(t))+κT

]2
+√

T (δ + 1)

≤
√
T

2

[
‖x1−xκ?‖2 +K ′

]
. (91)

To obtain the regret result: The second term of the left
hand side of (80) is always lower bounded by zero, therefore
it holds that

T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(xκ?)

]
≤
√
T

2

[
‖x1−xκ?‖2 +K ′

]
= O(

√
T ). (92)

Using triangle inequality, the result from (28), and setting κ =
cT−1/4 for some c > 0, we obtain

T∑
t=1

[
Ft−τ (t)(xt−τ (t))− Ft−τ (t)(x?)

]
≤ O(

√
T ) +

cLh
σ
T 3/4 := O(T 3/4). (93)

For constraint violation sub-linear growth: Note that
from the Lipschitz continuity of the objective function, we
have |Ft−τ (t)(xt−τ (t))−Ft−τ (t)(x?T )| ≤ Lf

∥∥xt−τ (t) − x?T
∥∥.

An immediate consequence of this inequality is that
Ft−τ (t)(xt−τ (t))−Ft−τ (t)(x?T ) ≥ −2LfR, using this in (80),
we get[

T∑
t=1

(
h(xt−τ(t))+κT

)]2
+

≤ (δ + 1)
√
T

(√
T

2

[
R2 +K ′

]
+ 2TLfR

)
, (94)

where we have used the fact that ‖x1−xκ?‖ ≤ R. Taking square
root on both sides, we get

T∑
t=1

h(xt−τ(t))

≤

√√√√(δ + 1)
√
T

(√
T

2
(R2 +K ′) + 2TLfR

)
− κT. (95)

For sufficiently large T , we can assume that 2TLfR >>√
T
2 (R2 +K ′). This implies that

T∑
t=1

h(xt−τ(t)) ≤ 2(δ + 1)LfRT
3/4 − κT. (96)

Next, considering κ = cT−1/4 and c = 2(δ + 1)LfR ensures
the zero constraint violation.
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