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Abstract. Optimizing non-convex functions is of primary importance in modern machine learning due to the fact that it un-4
derlies the training of deep networks and nonlinear dimensionality reduction. While the capability of first-order5
algorithms to converge to local extrema rather than saddle points has gained attention recently, it is well known6
that their convergence rates are inferior to those which exploit additional structure. In particular, empirically, suc-7
cessive convex approximation (SCA) converges faster than first-order methods. However, SCA in non-convex8
settings without additional structure in general converge to first-order stationary points, which could either be9
local extrema or saddle points whose performance is typically inferior. To mitigate this issue, we propose a10
perturbation of SCA at appropriate times, which inherits the same convergence rate results as the non-perturbed11
version, while enhancing the quality of its limit points. In particular, we establish that SCA with perturbations12
converges to a second order stationary points. Experiments on multi-dimensional scaling, a machine learning13
problem whose training objective is non-convex, substantiates the performance gains associated with employing14
random perturbations.15
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1. Introduction. Optimization of non-convex continuous functions is an increasingly salient18

problem as it underlies the training of deep networks [11], clustering, matrix completion [34], phase19

retrieval [33], tensor decomposition [9], tensor completion [16, 37], dimensionality reduction [38],20

among others. These tools are employed to discern patterns in data sets whose scale grows larger by21

the day. Despite the prevalence of non-convex optimization, methods for solving it efficiently is an on-22

going challenge [12]. The most common approaches are gradient-based search [9], convex relaxation23

[17], and characterizing which geometries exhibit “benign landscapes” that may be exploited through24

an appropriately chosen metric.25

In this work, we adopt the spirit of gradient search for general non-convex problems. Gradient26

methods are popular due to their ease of implementation, simple analysis, and ability to serve as a27

template to mitigate the challenges of non-convexity. These challenges include the fact that finding28

the global extrema of a non-convex problem is NP hard in general, and that the best limit point one29

may hope for in general (in an almost sure sense) is convergence to local extrema. We note that even30

attaining acceptable local extrema is non-trivial, since gradient methods converge to stationary points,31

which could either be saddle points or local extrema. Ensuring convergence to local extrema can32

be ensured by perturbing the optimization iterates by random noise [10, 24] or augmented step-size33

rules [7]. While such favorable limiting performance make perturbed gradient search attractive as a34

template upon which to study finite-time performance [13], it is well-known that successive convex35

approximation (SCA) experimentally converges far faster [29, 28, 15].36
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SCA, rather than computing its local approximation of the non-convex objective function using37

the first-order Taylor expansion, as in gradient methods, instead uses any convex surrogate function38

whose gradient coincides with the original objective. Thus, one may encode any higher-order algo-39

rithm through an appropriate choice of convex surrogate. As a result, SCA has been widely used to40

(a) separate the function in its variables, achieving parallel and distributed implementation, (b) discern41

computationally cheap updates either because the surrogate admits a closed-form or computationally42

affordable minimizer [30, 28]. In practice, the chosen surrogate could be well-behaved and capable of43

navigating narrow valleys, i.e., exploiting higher-order structure such as curvature, unlike gradient de-44

scent. The empirical performance of convex surrogates has been well-investigated within the context45

of majorization-minimization [19] and successive convex approximation methods [1, 26, 30]. Unfor-46

tunately, existing uses of SCA for non-convex problems are only theoretically guaranteed to converge47

to stationary points, which may be degenerate saddle points [28]. Thus, one would like to employ48

SCA due to its favorable convergence in practice, while guaranteeing that it does not become stuck49

at undesirable critical points of the objective. Doing so is the goal of this work through the use of50

randomized perturbations.51

2. Related Work and Contributions. First-order methods have become widespread in ma-52

chine learning, but their performance on non-convex problems can be problematic, as they may be-53

come stuck at saddle points. Inspired from statistical mechanics, augmentations of stochastic search54

that add random perturbations date back to at least [10, 24]. [24] establishes global convergence in55

distribution to the set of minimizers. The corresponding nonasymptotic analysis in the context of56

non-convex learning problems is provided in [25]. We focus on convergence to local extrema in finite57

time with high probability, a weaker condition but for a more stringent time horizon. The reason for58

this focus is that finite-time performance may be translated into sample complexity, a salient issue in59

training learning models. Alternatively, when favorable geometry is present, as in matrix completion60

or phase retrieval [23, 5, 34], faster local convergence may be attained. However, these performance61

gains break down when moving from specialized to general non-convex optimization problems.62

Beyond first-order methods, majorization-minimization (MM) [35, 19], SCA [29], and quasi-63

newton methods [39] have been proposed for non-convex non-convex optimization in order to re-64

duce time to convergence. The first two approaches break the non-convex problem into a sequence65

of minimization problems involving surrogate functions. At the point of approximation, MM min-66

imizes a convex upper-bound for the non-convex objective, while SCA employs a surrogate that is67

convex without any upper bound condition, but instead gradient consistency. Therefore, SCA better68

approximates the non-convex objective and results in better algorithm accuracy [15]. Quasi-Newton69

methods, by contrast, improve upon gradient methods by estimating the Hessian in order to implement70

approximate Newton steps.71

Motivated by the favorable attributes and generality of SCA, in this work we propose augmen-72

tations that facilitate extending its favorable learning rates to favorable limiting behavior. To do so,73

we note that for non-convex objectives, the convergence to first-order stationary points (FOSP) is es-74

tablished in [28, 15]. By contrast, here we employ perturbation methods to escape saddle points and75

converge to the second order stationary point (SOSP), which under suitable conditions coincide with76

local extrema [13].77

To escape the saddle points, two popular techniques, namely, random perturbations [13] and78

second-order based methods [22] have been used. A cubic regularization based algorithm is proposed79
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in [22] with convergence to ε SOSP in O( 1
ε3/2

) number of iterations. In practice, the second order80

information based methods require Hessian inversion at each algorithm iteration, which is computa-81

tionally expensive. On the other hand, in perturbation based methods, noise from a given distribution82

(uniform in this paper) is added to the algorithm update (when in the neighborhood of a saddle point)83

to escape the saddle point which is computationally inexpensive. This work proposes SCA with ran-84

dom perturbations in order to inherit the favorable experimental convergence of SCA together with85

improved limiting performance.86

To do so, we interpret SCA algorithms as an inexact version of gradient descent, which permits us87

to establish its convergence is comparable to [3, 31]. Then, building upon this foundation, we augment88

its limit points through random perturbation arguments pioneered by [13], which in particular. yields89

its convergence to SOSP. The result is a unique modification of SCA [28], which we call perturbed90

successive convex approximation (P-SCA), that converges to ε second order stationary point inO
(
1
ε2

)
91

with an extra multiplicative factor of polylog(d) where d is the underlying parameter dimension. More92

broadly, our analysis extends convergence of random perturbation methods to SOSP to any arbitrary93

inexact gradient descent algorithm under an additional hypothesis that the norm of the error in the94

gradient is bounded. Thus, our main contributions are as follows:95

• To date, convergence rates of successive convex approximation is missing, i.e., existing analy-96

ses focus on asymptotic convergence [28]. By contrast, we present the convergence rate analy-97

sis for SCA.98

• By virtue of these rates, we are then able to employ random perturbation based arguments to99

establish conditions under which randomization yields convergence to second-order stationary100

points. Doing so requires extending the ideas in [13] methods which employ inexact gradient101

directions. The reason for this is that we establish that SCA may be interpreted as a member102

of the family of inexact gradient algorithms, and hence is no longer a first order method.103

• With this foundation laid, the results of [13] are verified and proved for gradient descent with104

in errors.105

• Experimentally, we demonstrate the advantages of the proposed algorithm via solving a multi-106

dimensional scaling (MDS) problem in Sec. 6.107

3. Preliminaries. In this paper, we are solving a non-convex optimization problem with the108

help of gradient based methods. To follow the analysis, we describe some useful definitions which109

will be referred throughout the paper.110

Definition 1 For a differentiable function U(x), a point x is ε first order stationary point (FOSP)111

if ‖∇U(x)‖ ≤ ε.112

Definition 2 (Strict saddle point) For a twice differentiable function, a point x is a strict saddle113

point if x is a FOSP and λmin(∇2U(x)) < 0. For a strict saddle point, the second order stationary114

point (SOCP) is a local minima of the non-convex objective as defined next.115

Definition 3 (ε second order order stationarity) For a non-convex function U(x), a point x is ε116

second order stationary if ‖∇U(x)‖ ≤ ε and λmin(∇2U(x)) ≥ −
√
L2ε, where L2 is Hessian117

Lipschitz constant.118

4. Problem Formulation. In this work, we focus on the minimization of a non-convex objec-119

tive function U(x) given by120

min
x

U(x)(4.1)121
122
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where x ∈ Rn is the optimization variable, U(x) : Rn → R is a twice differentiable non-convex123

function. For a general non-convex optimization problem, it is well known that an algorithm cannot124

achieve global minima using first order algorithms [9, 13]. In literature, there are various algorithms125

proposed which converges to the approximate FOSP of the problem (4.1). A FOSP could be a local126

minima, local maxima, or a saddle point. It is sufficient to achieve convergence to FOSP in convex127

settings because it coincides with the global minima of the function. However, for the non-convex128

functions, it may be highly suboptimal to achieve FOSP if it denotes the local maxima and we are129

minimizing the function and vice versa. In addition, the converged FOSP can be a saddle point for the130

unconstrained optimization problem and algorithm might get stuck there. Hence, it becomes important131

to look for the convergence to a second order stationary point. In literature, various algorithms are132

proposed for problem (4.1) with the guarantee of convergence to a second order stationary point [6,133

13, 14]. However, they are based on the standard gradient descent algorithm.134

Recently, an SCA based algorithm is proposed by [28] to solve the problem of (4.1) in an iterative135

manner. We utilize the similar ideas and use SCA to solve the unconstrained version of the prob-136

lem. The SCA algorithm is shown to outperform the other first order methods in literature [28]. In137

this method, the non-convex objective function U(x) is approximated by a surrogate convex function138

Ũ(x;y) approximated at y. Utilizing this idea, the standard SCA algorithm to solve the problem in139

(4.1) is summarized in Algorithm 4.1.140

Algorithm 4.1 Successive convex approximation (SCA)

1: Set t = 0, initialize η = (0, 1],
2: STOP if xt is a FOSP
3: Solve the following optimization problem to get x̂(xt)

x̂(xt) := arg min
x∈Rn

Ũ(x;xt),(4.2)
4: Set xt+1 = xt + η(x̂(xt)− xt)
5: Set t = t+ 1 and go to step 2

In Algorithm 4.1, at each step t, a convex approximation Ũ(x;xt) of the non-convex objective141

function U(x) is used to perform the update in step 3. The main idea to construct an approximation142

function Ũ(·) is to utilize a simple convex function whose gradient calculation is easier. A detailed143

discussion about the selection of Ũ(·) is provided in [28]. The approximated convex function Ũ144

should preserve the first order condition of the original non-convex function such that the gradient of145

the both functions is same; see Assumption 2. It is important to note that unlike the standard successive146

approximation techniques, the proposed algorithm does not require the Ũ(·) to upper bound the non-147

convex function U . This provides a lot of freedom in the selection of Ũ(·) which depends upon the148

application of interest. Some specific examples are provided next.149

• Block wise convex: If the objective function U(x;y) is block wise convex with respect to each150

block i, the following approximation can be used151

(4.3) Ũi(xi;y) := U(xi,y−i) +
τi
2

(xi − yi)
THi(y)(xi − yi),152

where y := {yi}Ii=1,y−i := {yj}j 6=i.153
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• Product of functions: If the objective function is of the type U(x) = f1(x)f2(x) where f1(x)154

and f2(x) are convex and positive, we can use155

Ũ(x;y) =f1(x)f2(y) + f1(y)f2(x) +
τi
2

(x− y)TH(y)(x− y).156
157

Algorithm 4.1 converges to the first order stationary point as derived in [28, Theorem 2], which158

states that for a constant step size η, the sequence {xt} is bounded and each of its limit points is159

stationary point of the optimization problem in (4.1). But the results presented in [28] are asymptotic160

in nature and does not provide the number of iterations required to converge to an ε optimal solution.161

This results is important because it characterizes the convergence behavior of the proposed algorithm.162

Moreover, as stated earlier, the convergence to FOSP is not a sufficient condition of convergence to163

local minima. This is because a FOSP could be a saddle point and the proposed algorithm might get164

stuck there.165

In this paper, we are interested in deriving the number of iterations required to achieve an ε FOSP.166

In addition to that, we want to characterize the number of iterations required to achieve an ε second167

order stationary point. In literature there are different techniques proposed to escape the saddle points168

and converge to SOSP. For instant, some of the approached include methods utilizing second order169

information [20], and random perturbation based methods [13]. Motivated from the advantages of170

perturbation based methods as discussed in [13] and advantages of SCA methods [28], we use the171

perturbed method to make the SCA algorithm escape saddle points effectively. A perturbed successive172

convex approximation (P-SCA) algorithm is summarized in Algorithm 4.2.173

Algorithm 4.2 :P-SCA Algorithm

1: Set t = 0, initialize χ ← 3 max{log
(
dL14U
cε2δ

, 4
)
}, η ← c

L1
, r ← ε

√
c

L1χ2 , gth ← ε
√
c

χ2 , fth ←
c
χ3

√
ε3

L2
, tth = (1−s)χL1

c2
√
εL2

, tnoise = −tth − 1, s ∈ (0, 1), and x0

2: If ‖∇U(xt)‖ ≤ gth and t− tnoise > tth then
x̃t ← xt, and tnoise ← t
xt ← x̃t + ξt, where ξ is uniformly ∼ B0(r) with radius r

3: If t− tnoise = tth and U(xt)− U(x̃tnoise) > −(1− s)fth then
return x̃tnoise

4: Solve the following optimization problem to get x̂(xt)

x̂(xt) := arg min
x

Ũ(x;xt)(4.4)
5: Set xt+1 = xt + η(x̂(xt)− xt)
6: Set t = t+ 1 and go to Step 2

In Algorithm 4.2, the standard SCA algorithm updates are used to reach FOSP. If the condition174

for FOSP are satisfied (which is nothing but the gradient norm is smaller than a threshold value gth),175

a random perturbation from uniform ball B0(r) of radius r around x̃t is added. This happens at most176

once every tth number of iterations. After adding perturbation, if the function value is not decreased177

by the threshold (1− s)fth (where s ∈ (0, 1) is a constant and defined later in the paper) then x̃tnoise is178

returned as the output of Algorithm 4.2. Here tnoise denotes the last iteration at which the optimization179

variable was perturbed with respect to current iteration of the algorithm. It is proved in [28] that after180
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6 BEDI, RAJAWAT, AGGARWAL, AND KOPPEL

the addition of this random perturbations, the standard gradient descent iterates escapes the saddle181

points efficiently. We extend the analysis in [28] and [13] papers to prove that the proposed P-SCA182

algorithm also escapes the saddle points in a similar manner and x̃noise will be in the neighborhood of183

ε SOSP. We note that the steps in Algorithm 4.2 do not exhibit a gradient descent like update. Hence,184

it is difficult to analyze the dynamics of the proposed algorithm. To perform the analysis, it becomes185

important to look at the proposed algorithm from the perspective of inexact gradient descent algorithms186

[32, 2, 8, 31]. The meaning of term ‘inexact’ means that the gradient value used for the algorithm187

update is in error. The error may arise due to stochastic nature of the gradient or partial availability188

of the gradient [3] etc. In the above mentioned references, all the inexact gradient algorithms are189

considered for convex objective function settings. The analysis for asymptotic convergence to FOSP190

under non-convex objective is performed in [3] but with diminishing step size. The work in this paper191

focuses on more general scenario of non-convex objective and inexactness of the gradient [40].192

Hence, the main idea for the inexact version is to interpret the algorithm as a gradient descent193

algorithm with error. It is proved in literature that under some regularity conditions on the error194

term in the gradient, the algorithm converges to (or provide close approximation to) the optimal value195

under convexity assumption . In order to proceed with analysis for the proposed P-SCA algorithm, we196

first show that the SCA algorithm is nothing but an inexact version of the standard gradient descent197

algorithm. From step 5 of the Algorithm 4.2, we have198

xt+1 = xt + η(x̂(xt)− xt),(4.5)199200

Next, add and subtract the original gradient∇U(xt) as follows201

xt+1 = xt + η(∇U(xt)−∇U(xt) + x̂(xt)− xt).(4.6)202203

Finally, we can write the P-SCA algorithm update in the following alternative form204

xt+1 = xt − η∇U(xt)︸ ︷︷ ︸
GD update

+η [∇U(xt) + xt − x̂(xt)]︸ ︷︷ ︸
:=et

.(4.7)205

206

The first term in (4.7) is similar to the standard gradient descent algorithm. The second term in (4.7)207

corresponds to the error in the gradient and denoted by et. Hence the final gradient used for the update208

is∇U(xt) + et as follows209

xt+1 = xt − η(∇U(xt) + et).(4.8)210211

For the further analysis in this paper, we will utilize the algorithm update form as presented in (4.7).212

5. Convergence analysis. This section details about the convergence rate analysis of the pro-213

posed P-SCA algorithm and show that the number of iterations required to converge to a second order214

stationary point are of the order of O
(

(polylog(d))L1(U(x0)−U(x?))
ε2

)
. This section also establishes215

the result that the proposed algorithm indeed escapes the saddle point with probability 1 − δ for any216

δ > 0. Note that the updates in the proposed algorithm utilize a convex approximations Ũ(x;xt) at217

each step t for the non-convex function U(x) [28]. Before discussing the mathematical results, some218

assumptions are required to hold for the objective function and its convex approximation. All the219

required assumptions are provided next.220
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Assumption 1. The continuously differentiable objective function U(x) and its gradient ∇U(x)221

are Lipschitz continuous with parameter L0 > 0 and L1 > 0, respectively. This implies that222

‖U(x)− U(y)‖ ≤L0 ‖x− y‖ ,(5.1)223

‖∇U(x)−∇U(y)‖ ≤L1 ‖x− y‖(5.2)224225

for all x and y.226

Apart from the objective function, the convex surrogate function needs to satisfy the following as-227

sumption.228

Assumption 2. The convex approximation function Ũ(x;y) to non-convex objective function229

U(x) at y is continuously differentiable with respect to its first argument such that230

B1) Ũ(·;y) is uniformly strongly convex with parameter C, which implies that231 (
∇Ũ(x;y)−∇Ũ(z;y)

)T
(x− z) ≥ C ‖x− z‖2(5.3)232

233

for all x and z.234

B2) The approximation function gradient ∇Ũ(·;y) is equal to the original function gradient at235

the approximation point y236

∇Ũ(y;y) = ∇U(y).(5.4)237238

This property is the key to represent the P-SCA algorithm as an inexact gradient descent239

algorithm.240

Another assumption required for the objective function which upper bounds the rate of change of the241

Hessian.242

Assumption 3. The objective function U(x) is Hessian Lipschitz with parameter L2, which im-243

plies that244 ∥∥∇2U(x)−∇2U(y)
∥∥ ≤ L2 ‖x− y‖(5.5)245246

for all x and y.247

All of the above mentioned assumptions are standard and have been considered in literature [28].248

Assumption 1 states that the non-convex objective function is Lipschitz which means that the gradient249

of the objective function is smooth and does not changes arbitrarily. This is an important assumption250

since it provides an upper bound on the gradient at two difference points in terms of the difference251

between the points itself. This is a standard assumption in the analysis of inexact gradient descent252

algorithms, for instance see [27]. Next, assumption 2 is for the convex approximation Ũ(x;y) to the253

non-convex objective function U(x) at y, and states that Ũ(x;y) is strongly convex at given y with254

parameter C. This assumption assures that the convex optimization problem in (4.4) has a unique255

solution. The last assumption 3 states that the gradient of U(x) is smooth and hence the Hessian of256

the function does not changes abruptly. All of the above mentioned assumptions are utilized to prove257

the convergence results in this paper.258

Before proceeding with the analysis, we remark that the analysis performed in [13] holds for the259

gradient descent algorithm which is a first order method and is not applicable to SCA based methods.260
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This is because there is a minimization step included in the proposed Algorithm 4.2 which is not261

present in [13]. To proceed with the analysis, we first prove that the proposed algorithm is an inexact262

version of the gradient descent algorithm. Therefore, Assumption 1 is required to perform the analysis263

and handle the error in the inexact version of the gradient. This is a standard assumption in the analysis264

of inexact gradient descent algorithms [27]. Then, all the results of [13] are verified and proved for the265

gradient descent algorithm with gradient in error.266

We now show that it is possible for the SCA algorithm to converge to the second order stationary267

point with a simple modification. In the SCA algorithm updates, once the gradient norm is less than a268

threshold value gth, we add a small random perturbation to current iterate x̃t. In other words, a random269

perturbation is added to the algorithm updates at most once after every tth iterations. To make the270

analysis simple, similar to [13] we assume that the random perturbation ξt is uniformly sampled from271

a ball B0(r) of radius r centered around x̃t. After adding the perturbation at iteration t, if the function272

value does not decrease by (1 − s)fth after tth iterations, then the algorithm stops and return x̃tnoise .273

This paper proves that the output x̃tnoise is essentially the second order stationary point for the problem274

in (4.1). The main result is presented next in Theorem 5.1.275

Theorem 5.1. Let the assumptions 1-3 are satisfied, there exits a constant cmax such that, for any276

δ > 0, ε ≤ L2
1

L2
,4U ≥ U(x0)− U(x?), and c ≤ cmax, the output of Algorithm 4.2 is a ε second order277

stationary point with probability (1 − δ) for problem (4.1). To achieve the ε second order stationary278

point, the number of iterations required for the algorithm is given by279

O
(
L14U

ε2
log4

(
dL14U

ε2δ

))
.(5.6)280

281

It is interesting to note that the convergence rate of the proposed algorithm remains the same as282

that of the one in [13, Theorem 3]. The proof of the Theorem 5.1 and succeeding lemmas follows the283

similar ideas to [13]. Theorem 5.1 establishes the fact that the algorithm terminates in finite number284

of iterations. Before discussing the proof of Theorem 5.1, there are some other results which we need285

to discuss first. The algorithm operation can be divided in two scenarios 1) the iterate is not close to286

FOSP and the gradient ∇U(xt) is large and 2) when gradient is small but the Hessian ∇U(xt) has287

a very small minimum eigenvalue. First, to prove the convergence to FOSP, we need to show that a288

single iteration of the proposed algorithm results in a descent direction for the objective function U(x)289

which is stated in Lemma 5.2, whose proof is provided in the Appendix A.290

Lemma 5.2. Under the Assumptions 1-2, and for aL2 Hessian Lipschitz objective functionU(x),291

one iterate of Algorithm 4.2 is a descent direction, which implies that292

U(xt+1) ≤ U(xt)− η′ ‖(x̃(xt)− xt)‖2(5.7)293294

where η′ := ηC − η2L1
2 with η ≤ 2C

L1
.295

The above mentioned analysis helps us to derive an upper bound on the gradient error norm. Consider296

the additional term in (4.7), we have297

‖et‖ = ‖∇U(xt) + xt − x̂(xt)‖ ≤ ‖∇U(xt)‖+ ‖x̂(xt)− xt‖ .(5.8)298299

From the upper bound in (A.3) and Lipschitz property of the objective function, we have300

‖et‖ ≤L0

(
1 +

1

C

)
=: D.(5.9)301

302
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Before proceeding, let us define the following parameters as specified in [28] which are used for303

deriving the mathematical results next.304

F :=
ηL1

L2
2

γ3 · log−3
(
dκ

δ

)
, G :=

√
ηL1

L2
γ2 · log−2

(
dκ

δ

)
305

L :=
√
ηL1

γ

L2
· log−1

(
dκ

δ

)
, T :=

log
(
dκ
δ

)
ηγ

(5.10)306
307

where γ is the negative eigenvalue and the condition number κ is is given by κ = L1
γ ≥ 1. Once the308

algorithm iterate xt is near a FOSP, it holds that ‖∇U(xt)‖ ≤ gth (gradient is small) and the minimum309

eigen value of Hessian is largely negative λmin(∇2U(xt)) ≤ −
√
L2ε. When xt is near a FOSP, then310

we add perturbation to xt followed by SCA updates for tth steps. We prove that after these tth steps, the311

function value will decrease by at least fth with high probability. This result is formalized in Lemma312

5.3.313

Lemma 5.3. Under the Assumption 1-2, for any δ ∈ (0, dκ/e], if for given x̃, ‖∇U(x̃)‖ ≤ G314

(gradient is small) and λmin(∇2U(˜̃x)) ≤ −γ (sufficiently negative), then if we perform x0 = x̃ + ξ315

where ξ ∈ Bx̃(r) with radius r = L
κ log( dκδ )

, it holds that316

U(xT )− U(x̃) ≤ −F + 16L2η
3D3(5.11)317318

for any T ≥ 1
cmaxT with probability 1 − δ when the step size is selected as η ≤ Cmax

L1
and δ =319

dL1√
L2ε

exp(−χ).320

The result in Lemma 5.3 states that adding the perturbation decreases the function values further. By321

selecting η = c
L1

, γ =
√
L2ε, and δ = dL1√

L2ε
exp(−χ). We can restate the result in Lemma 5.3322

follows. If x̃t is a FOSP, after adding perturbation xt = x̃t + ξt, it holds with probability 1− δ that323

U(xt+th)− U(x̃t) ≤ −fth +
16L2c

3D3

L3
1

(5.12)324
325

with tth = χ
c2

L1√
L2ε

. Next lemma states that addition of perturbation indeed results in escaping the326

saddle points.327

Lemma 5.4. Under the conditions similar to Lemma 5.3, let g1 is the minimum eigen vector of328

∇2U(x̃). If we consider two sequences ut and wt such that329

‖u0 − x̃‖ ≤ r, w0 = u0 + µrg1 ; µ ∈ [δ/(2
√
d), 1],(5.13)330331

then it holds that332

min{U(uT )− U(u0), U(wT )− U(w0)} ≤ −2.5F+16L2η
3D3(5.14)333334

for any η ≤ cmax
L1

and any T ≥ T
cmax

.335

Lemma 5.4 states that for two points u0 and w0, where w0 lies in the direction of the minimum336

eigenvector, one of both sequences ut and wt will result in a further decrement of the objective value337
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and hence escapes the saddle point. To prove the statement of Lemma 5.4, we need another two338

results stated next. In Lemma 5.5, we show that if the function value does not decrease after adding339

perturbation, then all the iterates belongs to a small ball around u0. The next Lemma 5.6 shows that if340

the iterates starting from u0 get stuck, then the sequence wt will result in decreasing the function value341

and hence escapes the saddle point. Here, wt is the sequence obtained after applying SCA algorithm342

steps to w0 which by taking a step in the direction of minimum eigenvalue of the Hessian denoted by343

z1 and starting from u0.344

Lemma 5.5. For any constant ĉ ≥ 6(
12+ 2D

γL
log dκ

δ

)2 , there exists a constant cmax for any δ ∈345

(0, dκe ], f(·) satisfying the assumptions, and ‖f(x̃)‖ ≤ G, for an initial point u0 = x̃ + ζ with346

‖u0 − x̃‖ ≤ 2r, let347

T := min{inf
t
{t|f̃u0(ut)− f(u0) ≤ −3F}, ĉF}.(5.15)348

349

Then for any η ≤ cmax/L1, it holds that for all t < T we have ‖ut − x̃‖ ≤ Z(Lĉ), where Z :=350

48 + 8D
γL log

(
dκ
δ

)
with D = L0

(
1 + 1

C

)
.351

Lemma 5.6. There exists ĉ, cmax for any δ ∈ (0, dκe ], f(·) satisfying the assumptions, and352

‖f(x̃)‖ ≤ G, for an initial point u0 = x̃ + ζ and sequence {ut}, {wt} where w0 = u0 + µrz1353

with µ ∈ [ δ
2
√
2
, 1], let us define354

T = min{inf
t
{t|f̃w0(wt)− f(w0) ≤ −3F}, ĉF}(5.16)355

356

then for any η ≤ cmax/L1, if ‖ut − x̃‖ ≤ Z(Lĉ) for all t < T , it holds that T < ĉF .357

The proof of Lemmas 5.3 - Lemma 5.6 are provided in the Appendix B-E. These intermediate358

results are then used to prove Theorem 5.1; see Appendix F for the detailed proof.359

6. Numerical Results. As a demonstration of the speedup afforded from SCA algorithms, we360

consider the multi-dimensional scaling (MDS) problem. Here, the goal is to embed relational data onto361

a low-dimensional euclidean space [18, 36, 4]. Given pairwise dissimilarities δmn where (m,n) ∈ E362

for all E ⊂ {(m,n)|1 ≤ m < n ≤ N}, between N objects, the embedding vectors are given by:363

{xn}Nn=1 = arg min
{xn}Nn=1

∑
1≤m<n≤N

wmn(δmn − ‖xm − xn‖)2(6.1)364

365

where wmn is the weight associated with the corresponding dissimilarity measurement, usually set366

to zero if it is not available. It can be see that (6.1) is non-convex and even the global optimum is367

not unique, allowing rotational, translational, and reflectional ambiguity. Nevertheless, the objective368

in (6.1) can be expanded into a difference of convex terms, allowing us to apply the proposed SCA369

approach, where the surrogate is constructed by linearizing the concave term. The same approach370

has been widely used within the context of MDS and is referred to as the SMACOF algorithm. We371

consider a simple example with N = 200 and dissimilarities generated from calculating pairwise372

distances between N euclidean vectors in [0, 1]2, keeping only 20% of the dissimilarities, and adding373

Gaussian noise to the distances with zero mean and variance 0.01. The non-zero weights are selected374

as inverse of the corresponding distances, which is the so-called Sammon mapping. The proposed375
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Figure 1: Performance comparisons for multidimensional scaling.

P-SCA as well as the P-GD algorithm have been applied to the MDS problem and the evolution of the376

objective function in 6.1, normalized by N2 is shown in Fig. 1a and Fig. 1b for larger and smaller step377

sizes, respectively. It can be seen that the P-SCA is at least several times faster than P-GD algorithm,378

while retaining its saddle-point escaping properties. The performance of GD becomes worse for the379

smaller step sizes while SCA algorithm still performs better. It is remarked that for MDS problem, the380

per-iteration computational complexity of the two algorithms is exactly same.381

7. Conclusions and Future Directions. This paper considers an algorithm for solving non-382

convex optimization formed by perturbation of successive convex approximation based method. The383

proposed perturbed successive convex approximation (P-SCA) algorithm is shown to converge to sec-384

ond order stationary point with a rate similar to the vanilla gradient descent (convergence to first order385

stationary point) up to a constant factor. Hence, the proposed algorithm can escape the saddle point386

efficiently utilizing the perturbed variant of the successive convex optimization algorithm. To perform387

the analysis, the proposed algorithm is proved to be a special case of the standard gradient descent388

algorithm with the gradient in error, which is called inexact gradient descent in literature. The idea of389

adding perturbation to the algorithms updates is utilized to escape the saddle points. As a future work,390

we are interested in considering the constrained version of the proposed algorithm which also escapes391

the saddle points.392

Appendix A. Proof of Lemma 5.2. Note that x̂(xt) is the solution of strongly convex problem393

in (4.4), hence from the first order optimality condition, it holds that394

(y − x̂(xt))
T∇Ũ(x̂(xt);xt) ≥ 0.(A.1)395396

By selecting y = xt and add subtract∇Ũ(xt;xt) to the gradient term, we get397

(xt−x̂(xt))
T
(
∇Ũ(x̂(xt);xt)−∇Ũ(xt;xt)+∇Ũ(xt;xt)

)
≥0.(A.2)398

399

Following the inequality in Assumption 2, it holds that∇U(xt) = ∇Ũ(xt;xt). This implies400

(xt − x̂(xt))
T∇U(xt) ≥ C ‖x̂(xt)− xt‖2 .(A.3)401402
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12 BEDI, RAJAWAT, AGGARWAL, AND KOPPEL

From the statement of Assumption 1, it holds that the objective function U(x) is Lipschitz continuous403

gradient with parameter L1, which implies that404

U(xt+1) ≤U(xt) +∇U(xt)
T (xt+1 − xt) +

L1

2
‖xt+1 − xt‖2 .405

U(xt+1) ≤U(xt) + η∇U(xt)
T (x̃(xt)− xt) +

η2L1

2
‖x̃(xt)− xt‖2 ,(A.4)406

407

where (A.4) holds by utilizing the update for xt+1 from Algorithm 4.2. Applying the upper bound in408

(A.3), we get409

U(xt+1) ≤ U(xt)− ηC ‖x̂(xt)− xt‖2 +
L1

2
‖η(x̃(xt)− xt)‖2(A.5)410

= U(xt) +

(
−ηC +

η2L1

2

)
‖(x̃(xt)− xt)‖2 = U(xt)− η′ ‖(x̃(xt)− xt)‖2 .(A.6)411

412

where η′ := ηC − η2L1
2 . Hence, one run of the Algorithm 4.2 results in a function value decrement413

with η < 2C
L1

.414

Appendix B. Proof of Lemma 5.3. From Lipschitz continuous gradient property415

U(x0) ≤ U(x̃) +∇U(x̃)T (x0 − x̃) +
L1

2
‖x0 − x̃‖2 .(B.1)416

417

From the statement of Lemma 5.3 and Cauchy-Schwarz inequality, it holds that418

U(x0)− U(x̃) ≤‖∇U(x̃)‖ ‖ξ‖+
L1

2
‖ξ‖2(B.2)419

≤Gr +
L1

2
r2 ≤ GL

κ log
(
dκ
δ

) +
L1

2

(
L

κ log
(
dκ
δ

))2

≤ 3

2
F.420

421

The above mentioned bound represents the maximum value by which the function value can increase422

in the worst case after adding the perturbation. Next, following exactly the similar steps as performed423

in the proof of Lemma 14 in [28], we obtain424

U(xT )− U(x̃) =U(xT )− U(x0) + U(x0)− U(x̃)425

≤− 2.5F + 16L2η
3D3 + 1.5F ≤ −F + 16L2η

3D3.(B.3)426427

Appendix C. Proof of Lemma 5.4. We consider x̃ = 0 without loss of generality, T ? = ĉT ,428

and T ′ defined as T ′ = inft{t|Ũu0(ut)− U(u0) ≤ −3F}. In order to prove the lemma statement, let429

us consider the two cases.430

Case I (T ′ ≤ T ?): From the statement of Lemma 5.5, we have ‖uT ′−1‖ ≤ O(L) which implies431

that432

‖uT ′‖ = ‖uT ′−1‖+ η ‖∇U(uT ′−1)‖+ η ‖eT ′−1‖433

≤‖uT ′−1‖+ η ‖∇U(x̃)‖+ ηL1 ‖uT ′−1‖+ η ‖eT ′−1‖ ≤ (1 + ηL1)ĉZL+ ηG+ ηD.(C.1)434435
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From the equality G log( dκ
δ
)

γ = L, we can write ‖uT ′‖ ≤ Z1L+ ηD, where436

Z1 :=

(
(1 + ηL1)ĉZ + η γ

log( dκ
δ
)

)
. By choosing a small cmax and ηL1 ≤ cmax, for the Hessian437

Lipschitz function, we have438

U(uT ′)− U(u0) ≤∇U(u0)
T (uT ′ − u0) +

1

2
(uT ′ − u0)

T∇2U(u0)(uT ′ − u0) +
L2

6
‖uT ′ − u0‖3 .439

440

Consider the following quadratic approximation441

Ũy(x) :=U(y) +∇U(y)T (x− y) +
1

2
(x− y)T∇2U(x̃)(x− y).442

443

For a Hessian Lipschitz function, it holds that444

U(uT ′)− U(u0) ≤∇U(u0)
T (uT ′ − u0) +

1

2
(uT ′ − u0)

T∇2U(u0)(uT ′ − u0) +
L2

6
‖uT ′ − u0‖3445

≤∇U(u0)
T (uT ′ − u0) +

1

2
(uT ′ − u0)

T∇2U(x̃)(uT ′ − u0)446

+
1

2
(uT ′ − u0)

T (∇2U(u0)−∇2U(x̃))(uT ′ − u0) +
L2

6
‖uT ′ − u0‖3447

≤Ũu0(uT ′)− U(u0) +
L2

2
‖uT ′ − x̃‖ ‖uT ′ − u0‖2(C.2)448

+
1

2
(uT ′ − u0)

T∇2U(u0)(uT ′ − u0) +
L2

6
‖uT ′ − u0‖3449

≤− 3F +O(L2L
3) + 16L2η

3D3450

=− 3F +O(
√
ηL1F ) + 16L2η

3D3 ≤ −2.5F+16L2η
3D3(C.3)451452

by selecting cmax ≤ min{1, 1ĉ} and η < 1
L1

. From Lemma 1, it holds that for any T ≥ 1
cmax
T ≥453

ĉT = T ? ≥ T ′, we can write454

U(uT )− U(u0) ≤ U(uT ?)− U(u0) ≤ U(uT ′)− U(u0) ≤ −2.5F + 16L2η
3D3.455456

Case II (T ′ > T ?): For this case also, we know that ‖ut‖ ≤ O(L) + ηD for all t ≤ T ?. Let us457

define T ′′ as T ′′ = inft{t | Ũw0(wt)−U(w0) ≤ −3F}. From Lemma 5.6, we have T ′′ ≤ T ?. Using458

the similar arguments as in case 1, we conclude that for all T ≥ 1
cmax
T , it holds that459

U(wT )− U(w0) ≤ U(wT ?)− U(w0) ≤ −2.5F + 16L2η
3D3.(C.4)460461

This concludes the proof.462

Appendix D. Proof of Lemma 5.5. The idea here is to show that if function value does not463

decrease after performing SCA iterations then it must be bounded in a small ball. This is performed464

by analyzing the update dynamics of the proposed algorithm via decomposing d dimensional update465

into two components: one along the subspace S which is span of significantly negative eigenvalues466

of the Hessian and second to the subspace compliment to it. Consider the second order Taylor series467

approximation of the objective function U(x) evaluated at x̃ given by468

Ũx̃(x) :=U(x̃)+∇U(x̃)T (x−x̃)+
1

2
(x− x̃)TH(x− x̃)(D.1)469

470
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where H = ∇2U(x̃). It is emphasized that the gradient of U can be approximated by gradient of Ũx̃471

provided x and x̃ are close. This result is stated as [21]472 ∥∥∥∇U(x)−∇Ũx̃(x)
∥∥∥ ≤ L2

2
‖x− x̃‖2(D.2)473

474

for a L2-Hessian Lipschitz function U . Set u0 = 0, from the SCA steps in (4.7), we can write475

ut+1 =ut − η∇U(ut) + ηet(D.3)476

=ut − η∇U(0)− η
[∫ 1

0
∇2U(θut)dθ

]
ut + ηet(D.4)477

=ut − η∇U(0)− η(H+4t)ut + ηet(D.5)478

=(I− ηH− η4t)ut − η(∇U(0)− et)(D.6)479480

where 4t :=
∫ 1
0 ∇

2U(θut)dθ − H. Next, from the Hessian Lipschitz in (5.5), we have ‖4t‖ ≤481

L2(‖ut‖+ ‖x̃‖). From the smoothness of the gradient in Assumption 1, we have482

‖∇U(0)− et‖ ≤ ‖∇U(0)−∇U(x̃) +∇U(x̃) + et‖(D.7)483

≤ ‖∇U(x̃)‖+ L1 ‖x̃‖+D ≤ G+ L1 · 2
L

κ · log
(
dκ
δ

) +D ≤ 3G+D.(D.8)484
485

Next, we will calculate projections of ut on to the subspaces S and Sc, where S is the subspace of eigen486

vectors whose corresponding eigen values are less than − γ

ĉ log dκ
δ

. Further, Sc defines the subspace of487

the remaining eigen vectors. Next, from the definition of T , we know that Ũu0(ut)− U(u0) > −3F .488

Let u0 = 0, we get489

−3F < Ũ0(ut)− U(0) = ∇U(0)Tut +
1

2
uTt Hut(D.9)490

491

Now decomposing the vector ut into αt (projection on to S) and βt (projection on to Sc), we get492

αt+1 =(I− ηH)αt − ηPS4tut − ηPS(∇U(0)− et)(D.10)493

βt+1 =(I− ηH)βt − ηPSc4tut − ηPSc(∇U(0)− et).(D.11)494495

Utilizing these definitions, we get −3F ≤ ∇U(0)Tut− γ
2
‖αt‖2

ĉ log dκ
δ

+ 1
2β

T
t Hβt, where the negative sign496

comes for the second term comes from the upper bound on the eigen values in subspace S. Note that497

‖ut‖2 = ‖αt‖2 + ‖βt‖2, we get498

−3F ≤ ∇U(0)Tut −
γ

2

‖ut‖2 − ‖βt‖2

ĉ log dκ
δ

+
1

2
βTt Hβt.(D.12)499

500

After rearranging the terms, we get501

‖ut‖2 ≤
2ĉ log dκ

δ

γ

(
3F +∇U(0)Tut +

1

2
βTt Hβt

)
+ ‖βt‖2502

≤ 4 max
{6F ĉ log dκ

δ

γ
,
6Gĉ log dκ

δ

γ
‖ut‖,

βTt Hβtĉ log dκ
δ

γ
, ‖βt‖2

}
.503

504
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Taking square root on both sides results in505

‖ut‖ ≤4 max
{√6F ĉ log dκ

δ

γ
,
6Gĉ log dκ

δ

γ
,

√
βTt Hβtĉ log dκ

δ

γ
, ‖βt‖

}
.506

507

In order to prove the lemma statement508

‖ut‖ ≤ ĉLZ(D.13)509510

we proceed by induction. It holds trivially for t = 0 since u0 = 0. Assume that (D.13) holds for511

τ ≤ t, and then it remains to show that (D.13) holds for t+1 < T . It is sufficient to bound the last two512

terms of (D) which are βTt Hβt and ‖βt‖. Consider the update equation for βt from (D.11), we have513

βt =(I− ηH)βt + ηδt(D.14)514515

where ‖δt‖ is bounded as516

‖δt‖ ≤ ‖4t‖ ‖ut‖+ ‖∇U(0)− et‖(D.15)517

≤ L2(‖ut‖+ ‖x̃‖) ‖ut‖+ ‖∇U(0)− et‖(D.16)518

≤ L2ĉZ

(
ĉZ+

2

κ · log(dκδ )

)
L2+3G+D519

≤
[
ĉZ(ĉZ + 2)

√
ηL1 + 3

]
G+D ≤ 4G+D(D.17)520

521

where the last step follows by choosing cmax ≤ 1
Zĉ(Zĉ+2) and step size η < cmax/L.522

Bounding ‖βt+1‖: We have523

‖βt+1‖ ≤

(
1 +

ηγ

ĉ log
(
dκ
δ

)) ‖βt‖+ η(4G+D)(D.18)524

525

Applying recursively, we get526

‖βt+1‖ ≤
t∑

τ=0

(4G+D)

(
1 +

ηγ

ĉ log
(
dκ
δ

))τ η ≤ 3(4G+D)ηT ≤ (12L+ ηDT )ĉ.(D.19)527

528

Now, from the definition we have T ≤ ĉF , so that
(

1 + ηγ

ĉ log( dκδ )

)T
≤ 3.529

Bounding βTt+1Hβt+1 : From (D.14), we can write βt =
t−1∑
τ=0

(I− ηH)τδτ , which implies that530

βTt+1Hβt+1=η2
t∑

τ1=0

t∑
τ2=0

δTτ1(I−ηH)τ1H(I− ηH)τ2δτ2(D.20)531

≤ η2
t∑

τ1=0

t∑
τ2=0

‖δτ1‖ ‖(I− ηH)τ1H(I− ηH)τ2‖ ‖δτ2‖(D.21)532

≤ (4G+D)2η2
t∑

τ1=0

t∑
τ2=0

‖(I− ηH)τ1H(I− ηH)τ2‖ .(D.22)533

534
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If {λi} denotes eigen values ofH, then λi(1−ηλτ1+τ2i ) denotes the corresponding eigen value of (I−535

ηH)τ1H(I−ηH)τ2 . The maxima is achieved for λ?i,t = 1
(1+t)η . Note that the function λi(1−ηλτ1+τ2i )536

is monotonically increasing between (−∞, λ?i,t]. Hence,537

‖(I− ηH)τ1H(I− ηH)τ2‖ = max
i
λi(1− ηλi)τ1+τ2538

≤ λ̂(1− ηλ̂)τ1+τ2 ≤ 1

(1 + τ1 + τ2)η
(D.23)539

540

where λ̂ = min{L1, λ
?
τ1+τ2}. Hence, we get541

βTt+1Hβt+1 ≤ 2(4G+D)2ηT542

≤ 4(4G2ηĉT + ηĉT D2) ≤ 2(4ĉL2γ log−1
(
dκ

δ

)
+ ηĉT D2)(D.24)543

544

which follows from545

t∑
τ1=0

t∑
τ2=0

1

(1 + τ1 + τ2)η
=

2t∑
τ=0

min{1 + τ, 2t+ 1− τ} · 1

1 + τ
546

≤ 2t+ 1 < 2T.(D.25)547548

Finally, substituting the upper bounds in (D.19) and (D.24) into the right hand side of (D), and further549

simplifying the bounds, we get ‖ut‖ ≤ ZLĉ where Z := 48 + 8D
γL log

(
dκ
δ

)
is a constant and ĉ is550

selected such that ĉ ≥ 6(
12+ 2D

γL
log dκ

δ

)2 . This concludes the proof.551

Appendix E. Proof of Lemma 5.6.552

Consider the update equation for wt, we have553

ut+1 + vt+1 = wt+1 − η∇U(wt) + ηet = ut + vt − η∇U(ut + vt)(E.1)554

= ut + vt − η∇U(ut)− η
[∫ 1

0
∇2U(ut + θvt)dθ

]
vt + ηet555

= ut + vt − η∇U(ut)− η(H+4′t)vt + ηet(E.2)556

= ut − η∇U(ut) + ηet + η(I− ηH−4′t)vt.(E.3)557558

From now onwards, the proof is exactly similar to that of Lemma 17 in [28] but provided here for559

completeness. As in the earlier proofs, , we have ‖4′t‖ ≤ L2(‖ut‖+ ‖vt‖+ ‖x̃‖). Now, we can write560

the update for vt+1 as561

vt+1 = (I− ηH−4′t)vt(E.4)562563

Note that we have ‖w0 − x̃‖ ≤ ‖u0 − x̃‖ + ‖v0‖ ≤ L
κ·log( dκδ )

, from Lemma (5.5), we have ‖wt‖ ≤564

ZLĉ for all t ≤ T . From the condition in Lemma 5.6, we note that ‖ut‖ ≤ ZLĉ for all t < T . This565

implies that566

‖vt‖ ≤ ‖ut‖+ ‖wt‖ ≤ 2ZLĉ(E.5)567568
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for all t < T . From here, we can derive that569

∥∥4′t∥∥ ≤ L2(‖ut‖+ ‖vt‖+ ‖x̃‖) ≤ L2

(
2ZLĉ+

L

κ log dκ
δ

)
≤ L2L (2Zĉ+ 1) .(E.6)570

571

Next, we develop a lower bound on ‖vt‖. Let ψt be the norm of the projection of vt onto z1 direction572

and φt be the norm of the projection of vt on to the remaining subspace. From (E.4), we can write573

ψt ≥(1 + γη)ψt − µ
√
ψ2
t + φ2t(E.7)574

φt ≤(1 + γη)Ψt + µ
√
ψ2
t + φ2t(E.8)575

576

where µ = ηL2L (2ZLĉ+ 1). By induction, next we prove that the following inequality holds for all577

t < T578

φt ≤ 4µtψt.(E.9)579580

For t = 1 the base case of the induction holds for t = 0 from the definition of v0. Now, let us assume581

that (E.9) holds for t ≤ T , we need to show that it holds for t+ 1 ≤ T , we have582

4µ(t+ 1)ψt ≥4µ(t+ 1)

(
(1 + γη)ψt − µ

√
ψ2
t + φ2t

)
(E.10)583

φt+1 ≤4µt(1 + γη)ψt + µ
√
ψ2
t + φ2t .(E.11)584

585

Next, we only need to show that586

(1 + 4µ(t+ 1))
√
ψ2
t + φ2t ≤ 4(1 + γη)ψt.(E.12)587

588

By selecting
√
cmax ≤ 1

2Zĉ+1 min{ 1
2
√
2
, 1
4ĉ} and η ≤ cmax

L1
, we get589

4µ(t+ 1) ≤ 4µT ≤4ηL2L(2Zĉ+ 1)ĉT = 4
√
ηL1(2Zĉ+ 1)ĉ ≤ 1.(E.13)590591

This implies that592

4(1 + γη)ψt ≥ 4ψt ≤ 2
√

2φ2t ≥ (1 + 4µ(t+ 1))
√
ψ2
t + φ2t(E.14)593

594

which proves the induction. From (E.9), we have φt ≤ 4µtψt ≤ ψt, which gives595

ψt+1 ≥ (1 + γη)ψt −
√

2µψt ≥
(

1 +
γη

2

)
ψt(E.15)596

597

where the last inequality follows from µ = ηL2L(2ZLĉ+1) ≤ √cmax(2ZLĉ+1)γη log−1 dκδ < γη

2
√
2
.598

From (E.5) and (E.15), we obtain for all t < T599

2ZLĉ ≥ ‖vt‖ ≥ ψt ≥
(

1 +
γη

2

)t
ψ0600

=
(

1 +
γη

2

)t
c0
L

κ
log−1

dκ

δ
≥
(

1 +
γη

2

)t δ

2
√
d

L

κ
log−1

(
dκ

δ

)
.(E.16)601

602
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The above result implies that603

T ≤1

2

log
(

4Z κ
√
d

δ · ĉ log
(
dκ
δ

))
log
(
1 + γη

2

) ≤ 1

2

log
(

4Z κ
√
d

δ · ĉ log
(
dκ
δ

))
γη

≤ (2 + log(4Zĉ))T .(E.17)604
605

The inequality follows from the selection δ ∈ (0, dκδ ] and we have log
(
dκ
δ

)
≥ 1. We choose ĉ large606

enough such that 2 + log(4Zĉ) ≤ ĉ, we get T < ĉT , which concludes the proof.607

Appendix F. Proof of Theorem 5.1. Let c < min{cmax, 2C}, the goal of this proof is to608

achieve a point x for which it holds that609

‖∇U(x)‖ ≤ gth =
ε
√
c

χ2
, λmin(∇2U(x)) ≥ −

√
εL2.(F.1)610

611

Note that c ≤ 1, χ ≥ 1 as defined in Algorithm 4.2, which implies that
√
c

χ2 ≤ 1 and hence any x612

satisfying (F.1) is an ε second order stationary point. To proceed with the proof, let us start from x0, if613

x0 does not satisfy (F.1), then there are two possible outcomes614

1. ‖∇U(x0)‖ > gth. This means that the first order stationary point is not reached yet and hence615

Algorithm 2 will not perform the perturbation step. From Lemma 5.2, we have616

U(x1)− U(x0) ≤ −
η

2
g2th = − c2ε2

2χ4L1
.(F.2)617

618

2. ‖∇U(x0)‖ ≤ gth. Under this condition, a perturbation step is performed by Algorithm 2, then619

SCA steps are performed for the next tth iterations, and then termination condition is checked.620

If termination condition is not satisfied, it holds that621

U(xth)− U(x0) ≤ −fth +
16L2c

3D3

L3
1

.(F.3)622
623

where we have substituted step size η = c
L1

. Now we select c3 = fth
16L2D3 with s ∈ (0, 1) and introduce624

s as an adjustment parameter to make c < min{cmax, 2C}. Note that we cannot make s arbitrarily625

small because that would result in s smaller step size η which is proportional to c. Next, we obtain626

U(xth)− U(x0) ≤ −(1− s)fth.(F.4)627628

The above results implies that on an average with each step of the algorithm, the function value629

reduces by630

U(xth)− U(x0)

tth
≤ − c3ε2

χ4L1
.(F.5)631

632

The function values decreases at least by c3ε2

χ4L1
on an average after running for tth iterations. Since633

the maximum amount by which the function value may decrease is upper bound by U(x0) − U?, the634

algorithm must terminate in the following number of iterations635

U(x0)− U?
c3ε2

χ4L1

=
χ4

c3
· L1(U(x0)− U?)

ε2
= O

(
L1(U(x0)− U?)

ε2
log

(
dL14U

ε2δ

))
.(F.6)636

637
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From Algorithm 4.2, note that the perturbation is added at iteration t if the gradient is small or638

∇U(x̃t) ≤ gth. From Lemma 5.3, the probability of happening this at each time is at least 1 − δ639

where δ = dL1√
L2ε

exp(−χ). In other words, the number of times perturbation is added for one run of640

the algorithm is given by641

1

tth
· χ

4

c3
· L1(U(x0)− U?)

ε2
=
χ3

c
· L1(U(x0)− U?)

ε2
.(F.7)642

643

Using the union bound, it holds that Lemma 5.3 holds for each of the iterations after adding perturba-644

tions. This result makes sure that the Algorithm 4.2 converges to the ε second order stationary point645

with probability646

1− dL1√
L2ε

exp(−χ) · χ
3

c

L1(U(x0)− U?)
ε2

= 1− χ3 exp(−χ)

c
· dL1(U(x0)− U?)

ε2
.(F.8)647

648

Note that we choose X = 3 max{log
(
dL14U
cε2

)
, 4}, which implies that χ ≥ 12, and χ3 exp(−χ) ≤649

exp−χ/3. Therefore, we have650

χ3 exp(−χ)

c
·dL1(U(x0)− U?)

ε2
≤ exp−χ/3

c
· dL1(U(x0)− U?)

ε2
≤ δ.(F.9)651

652

which completes the proof.653
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