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Abstract—We consider task-driven dictionary learning in a decentralized dynamic setting. Here a network of agents while sequentially
receiving local information aims to learn a common data-driven
signal representation and model parameters. We formulate this
problem as a distributed stochastic program with a non-convex
objective and present a block variant of the Arrow-Hurwicz saddle
point algorithm to solve it. Using Lagrange multipliers to penalize
the discrepancy between them, only neighboring nodes exchange
model information. We show that decisions made with this saddle
point algorithm asymptotically converge to a stationarity condition in
expectation under certain conditions. The learning rate depends on
the signal source, network, and discriminative task. We illustrate
the algorithm performance in an online multi-agent setting for
a collaborative image classification task, demonstrating that the
performance is comparable to the centralized case and depends on
the network topology over which it is run.

parameters based upon dynamic local information. This extension
yields a decentralized non-convex stochastic program, which we
solve using tools from stochastic approximation and distributed
optimization.
Pertinent to the proposed algorithm is the seminal work of [8]
and its extensions to distributed settings. Such extensions incorporate methods from distributed optimization such as weighted
averaging [9], dual decomposition [10], and primal-dual methods
which combine primal descent with dual ascent [11]. [12] considers a weighted averaging method for networked stochastic optimization in the context of dictionary learning; however, as shown
in [13], [14], such methods are only well-suited to problems where
averaging is advantageous. In Section II we formulate the taskdriven dictionary learning problem and extend it to networked
settings. In Section III, we propose a block variant of the primaldual algorithm in [14] and establish its convergence in expectation
to a first-order stationary solution of the problem in Section IV.
We then demonstrate the proposed framework’s practical utility
in the context of a collaborative learning task based upon image
data in Section V.

I. I NTRODUCTION
We consider the problem of task-driven dictionary learning in
dynamic multi-agent settings. Dictionary learning is the problem
of finding a data-driven signal representation, and it’s taskdriven extension refers to the problem of tailoring the learned
representation to a particular signal processing task of interest.
The problem breaks down into three aspects: developing datadriven feature representations, learning task-driven classifiers over
these representations, and extending this framework to networks.
Consider a vector x ∈ Rm . The signal x admits a sparse
approximation of x over a dictionary D ∈ Rm×k if it may be
represented as a combination of a small number of basis elements
that is close to x. Sparse approximations have been successfully
applied to a variety of signal processing applications [1] such as
signal reconstruction [4] and classification [2]. Recent extensions
which tailor the dictionary a specific signal processing, referred
to as discriminative dictionary learning, have led to significant
improvements [3].
Dictionary learning in the online setting, where training samples
are sequentially observed, has been solved as a matrix factorization problem using first [4] and second-order stochastic approximation methods [5]. However, the discriminative dictionary
learning is a more challenging to optimize. Recently, an online
framework for large-scale dictionary and discriminative model
learning has been proposed based upon alternating stochastic
gradient [6] which successfully generalizes the task-specific dictionary methods for classification [7], yet no convergence analysis
was provided. We extend [6] to networked settings, where a
team of agents seeks to learn a common dictionary and model

where the number of data points T is large, and the signal
dimension m is small, i.e. image patches are frequently of size
10 × 10, so that m = 100. We allow for the overdetermined case
k ≥ m. Moreover, T  k for big data settings, but each signal
uses a small number of basis elements in its representation.
One way to induce sparsity in the coding α would be with an
`0 constraint, but doing so yields a computationally intractable
formulation. Instead, we consider methods to compute (1) convex
relaxations [17] with an elastic-net (`1 and `2 ) penalty, stated as
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1
ζ2
kx − Dαk22 + ζ1 kαk1 + kαk22 .
(2)
2
2
The subscript u denotes the unsupervised data driven method for
learning the dictionary. For a fixed D, (2) is an elastic-net [18]
problem. Here the `1 -regularizer induces sparsity in α, tuned by a
regularization parameter ζ1 . The `2 regularization guarantees (2)

II. P ROBLEM F ORMULATION
Consider a set of T signals in an m-dimensional feature space
{xt }Tt=1 ⊂ X ⊂ Rm . We aim to represent the signals xt as
sparse combination of a common set of k basis elements, which
are unknown and must also be learned from the data. Denote
the dictionary as D ∈ Rm×k , the sparse coding as α ∈ Rk and
associate a loss function f˜t (α, D) with each data point which is
small when α and D sparsely represent xt well. Classically the
the dictionary learning and sparse representation problem [15] has
been formulated as the empirical loss minimization
T
1X˜
min
fu (α, D).
(1)
D∈Rm×k ,α∈Rk T
t=1

fu (D; x) := min

α∈Rk

is strongly convex and may be solved uniquely, whereby ζ2 tunes
how equitably the sparse coding is spread across its k coordinates.
In this paper we solve (2) using the least angle regression (LARS)
[19] method, which solves for the entire regularization path,
and typically is of comparable speed to soft-thresholding based
methods [16], with improved accuracy and robustness.
There is no analytical link between ζ1 and the sparsity level,
and hence values of α may becoming arbitrarily small, which
corresponds to the entries of D from becoming arbitrarily large.
To eliminate the scale ambiguity of the bilinear term in (2), constrain the set of feasible dictionaries to be those whose columns
are of unit norm, i.e. D = {D ∈ Rm×k : kdl k ≤ 1, l = 1 . . . k}.
The empirical loss (1) is an approximation of the expected
loss over the entire feature space, which is actually the objective
of interest in most signal processing applications and considered
here. Thus block coordinate methods [20] may not be applied
since the dictionary learning goal of representing an entire feature
space requires taking the limit of (1) as T → ∞, yielding
min Ex [fu (D, x)] .
(3)

Associated with each node i in the network are the local functions
fu and fs parameterized by the random variable xi , whose explicit
expressions are given by substituting the local random variable
into (2) and fs , which is dependent on the particular learning
task.
The loss functions fi,u and fi,s are the same for all agents i
so dictionary and model parameter selections that are good for
one agent are also good for another. Thus, a suitable strategy
is to learn a dictionary Di and model wi in the same way for
each agent. Since the network G is assumed to be connected, this
relationship can be attained by imposing the constraints Di =
Dj and wi = wj for all pairs of neighboring nodes (i, j) ∈ E.
Substituting (5) into the objective in (4) with these constraints,
we obtain the following networked stochastic program:
N
X
ξ
min
Eyi ,xi [fs (yi , wi , α?i (Di ; xi ))] + kwi k2 .
N
N
2
D∈D ,w∈W
i=1
(7)

Here we view the signal x as a random variable. Solving (3)
amounts to finding a signal representation over all possible data
realizations, achieving superior generalization capacity than (1).
We modify (3) such that the dictionary learning is supervised to
the signal processing task of interest as in [6]. Begin by defining
α? (D; x) as the optimal sparse coding solving (2) and associate
with each signal x a variable y ∈ Y which is drawn from a set
of labels for classification or Y ⊂ Rq for regression. We aim to
learn model parameters w ∈ W ⊂ Rk relating the the pair (x, y)
using the sparse coding α? (D; x) as a feature representation of
the signal, and seek to minimize a convex smooth loss function
of the form fs (y, w, α? (D; x)). The subscript s denotes the
supervised component of the learning, which quantifies how well
one may predict y when given the sparse coding α? (D; x) over
the dictionary D. Particular examples of fs include the squared,
logistic, and squared hinge-loss for linear and logistic regression
or support vector classification, respectively.
We view the prediction loss fs as a function of the model w and
the dictionary D, since the sparse coding α? (D; x) is dependent
on the dictionary, formulating the joint optimization problem
ξ
(4)
min Ey,x [fs (y, w, α? (D; x))] + kwk2 ,
D∈D,w∈W
2
where ξ is a regularization parameter guaranteeing the problem
is strongly convex in w for fixed the dictionary and sparse
coefficients. [6] establishes that smooth optimization methods
solve (4) despite the non-smooth sparsity-inducing norm in (2).
Both the model and dictionary are tuned for prediction risk in (4).
We aim to solve (4) in distributed settings, where the signal
y is independently observed by agents of a network which aim
to learn a dictionary and model parameters in common with all
others while only having access to local information. To so, fix
a network G = (V, E) which is assumed to be symmetric and
connected network with node set V = {1, . . . , N } and M = |E|
directed edges of the form e = (i, j). Define the neighborhood
of i as the set of nodes ni := {j : (i, j) ∈ E} that share an edge
with i. Suppose the functions fu in (2) and fs are node-separable,
N
X
fu (D; x) =
fi,u (Di ; xi ),
(5)

Here agent i aims to learn a common dictionary Di and discriminative model wi that asymptotically converges to the solution of
(4). Note that when the agreement constraints in (7) are satisfied,
the problems (4) and (7) are equivalent. Thus (7) corresponds
to a problem in which each agent i, having observed only local
signals yi , aims to learn a dictionary and model parameters that
are optimal when information is globally aggregated.

D∈D

v=1

fs (y, w, α? (D; x)) =

N
X
i=1

fi,s (yi , wi , α? (Di ; xi )).

(6)

such that

Di = Dj , wi = wj for all j ∈ ni

III. B LOCK S ADDLE P OINT M ETHOD
We turn to deriving an algorithmic solution to (7), the dynamic discriminative dictionary learning problem in networks. We
build upon the stochastic approximation approach to dictionary
learning developed in [4]. Begin by writing the constraints in (7)
compactly by defining the vertical block concatenation matrices
D := [D1 ; . . . ; DN ] ∈ RN m×k and w := [w1 ; . . . ; wN ] ∈ RN m
and an the augmented graph edge incidence matrix associated
with each constraint as follows CD : RN m×k → RM m×k . The
matrix CD is formed by M × N square blocks of dimension mk.
If the edge e = (i, j) links node i to node j the block (e, i)
is [CD ]ei = Imk and the block [CD ]ej = −Imk , where Imk
denotes the identity matrix of dimension mk. All other blocks
are identically null, i.e., [C]el = 0mk for all edges e 6= (i, j).
The matrix Cw is defined in the exact same way, substituting the
model parameter dimension k for the dictionary dimension mk.
Then the constraints Di = Dj and wi = wj for all pairs of
neighboring nodes can be written as CD D = 0, Cw w = 0.
The edge incidence matrices CD and Cw have exactly mk
and m null singular values, respectively. Denote as 0 < γ the
smallest nonzero singular value of C := [CD ; Cw ] and as Γ
the largest singular value of C, both of which measure network
connectedness.
Imposing the constraints CD D = 0 and Cw w = 0 for all realizations of the local random variables requires global coordination.
Instead, we consider a modification of (5) in which we add linear
penalty terms to incentivize the selection of coordinated decision
variables, which is tantamount to a block stochastic variant of the
Arrow-Hurwicz Saddle Point Algorithm [11], [13], [14]. Introduce
then dual variables Λe = Λij ∈ Rm×k associated with the
constraint Di −Dj = 0 and consider the addition of penalty terms
of the form tr[ΛTij (Di −Dj )]. For an edge that starts at node i, the
multiplier Λij is assumed to be kept at node i. Similarly, introduce

dual variables ν ij associated with the constraint wi − wj = 0 for
all neighboring node pairs and penalty terms ν Tij (wi − wj ). By
introducing the stacked matrices Λ := [Λ1 ; . . . ; ΛM ] ∈ RM m×k
and ν := [ν 1 ; . . . ; ν M ] ∈ Rm×k , we define the Lagrangian of the
optimization problem (7) as
N
X
ξ
L(D, w, Λ, ν) =
Eyi ,xi [fs (yi , wi , α?i (Di ; xi ))] + kwi k2
2
i=1

T
T
+ tr Λ CD D + ν Cw w
(8)
Suppose agent i receives a realization of the local random variables at time t as xi,t with associated output (label) yi,t . Using
this interpretation of the Lagragian we use of the Arrow-Hurwicz
saddle point method in alternating block variable updates, which
exploits the fact that primal-dual optimal pairs are saddle points
of the Lagrangian to work through successive primal alternating
gradient descent steps and dual gradient ascent steps.
Definition 1 For the Lagrangian in (8), the primal update of the
saddle point algorithm takes the form


Dt+1 = PD Dt − t ∇D L̂(Dt , wt , Λt , ν t ) ,
(9)


wt+1 = PW wt − t ∇w L̂(Dt , wt , Λt , ν t ) .
(10)
Likewise, the dual update is given as


Λt+1 = PL Λt + t ∇Λ L̂(Dt , wt , Λt , ν t ) ,


ν t+1 = PN ν t + t ∇ν L̂(Dt , wt , Λt , ν t ) ,

(11)
(12)

where t is a given stepsize, PL (λ), PN (ν) denotes projection
of dual variables on given convex compact set L and N . The
notation PD (D) denotes projection onto the set of feasible primal
variables so that we have Di ∈ D for all the N blocks of the
matrix D := [D1 ; . . . ; DN ], and similarly for w ∈ W.
We assume that the set of multipliers Λ can be written as a
Cartesian product of sets Λjk so that the projection of λ into
Λ is equivalent to the separate projection of the components λjk
into the sets Λjk , and similarly for Njk . See [21], Section III.
Consider the optimality conditions of (2) (see [6]), which may
be uniquely satisfied due to the strongly convex regularization.
Define Zi,t ⊂ {1, . . . , k} as the set of nonzero entries of α?i,t and
?
a vector βi,t
∈ Rm as
βZ? i,t =([Di ]TZ [Di ]Z +ζ2 I)−1 ∇αZi,tfs(yi,t ,wi,t , α?i,t(Di,t ; xi,t )),
βZ? i,t
=0,
c

(13)

which is the result of substituting the solution of (2) into fs and
applying the chain rule. Then at time t, applying Proposition 1 of
[6], we obtain a completely decentralized algorithm, stated in the
following proposition, and derived in detail in [21], Section III.
Proposition 1 The updates in (9)-(17) may be separated along
the components Dj,t ,wj,t associated with node j, yielding 2N
respective parallel updates of the form
h

?
?
? T
Di,t+1 = PD Di,t − t − Di,t βi,t
α?i,t + (xi,t − Di,t αi,t
)βi,t
i
X
+
(Λij,t − Λji,t ) .
(14)
j∈n

wi,t+1

h i

= PW wi,t − t ∇wi fs (yi , wi , α?i,t ) + ξwi,t
i
X
+
(ν ij,t − ν ji,t ) .
j∈ni

(15)

Likewise, along edge (j, k), Lagrange multipliers Λjk,t ,Njk,t are
updated as
h
i
Λij,t+1 = PLij Λij,t + t (Di,t − Dj,t )
(16)
h
i
ν ij,t+1 = PN ν ij,t + t (wi,t − wj,t )
(17)
where we have used α?i,t as shorthand for α?i,t (Di,t ; xi,t ), and
the set projections are as in Definition 1.
Node j can implement (14)-(17) using local variables and
receiving dual variables Λjk , ν jk which are sent along network
communication links.
IV. C ONVERGENCE A NALYSIS
We establish that the saddle point algorithm in (9)-(17) asymptotically converges to a stationary point of the problem (7) and
consequently solve (3) in a decentralized manner. In order to
obtain these results, some conditions are required of the algorithm
step-size, data distribution, dual variables, and network. All proofs
may be found in [21]. We state these assumptions below.
(A1) The network G is connected. The smallest nonzero singular
value of the incidence matrix C is γ, the largest singular
value is Γ, and the network diameter is D.
(A2) The Lagrangian has Lipschitz continuous gradients in the
primal and dual variables with constants LD , Lw , LΛ , and
Lν . This implies that, e.g.,
k∇D L(D, w, Λ, ν)−∇D L(D̃, w, Λ, ν)k ≤ LD kD−D̃kF .
(18)
Moreover, the gradients of the Lagrangian in the primal and
dual variables are bounded with block constants GD , Gw ,
GΛ , and Gν , which implies that, e.g.,
k∇D L(D, w, Λ, ν)k ≤ GD .
(19)
(A3) ThePalgorithm step size tP
> 0 for all t is such that
∞
∞
(i) t=0 t = ∞ (ii) and t=0 2t < ∞
(A4) (Stochastic Approximation Error) The stochastic gradients
of the Lagrangian are unbiased estimators for the true
gradients,
which for instancei implies
h
E ∇D L̂t (Dt , wt , Λt , ν t ) = ∇D Lt (Dt , wt , Λt , ν t ) .
(20)
Moreover, let Ft be a sigma algebra that measures the
history of the system up until time t. Then, the conditional
second moments of the stochastic gradients are bounded by
σ 2 for all times
t, which for example allows
h
i us to write
2
E k∇D L̂t (Dt , wt , Λt , ν t )k Ft ≤ σ 2 .
(21)
Assumption 1 is standard in distributed algorithms. Assumption
2 is satisfied in most applications intrinsically by the data.
The step size rules in Assumption 3 are standard in stochastic
approximation literature. Moreover, Assumption 4 is standard in
approximation – see [8]With these bounds established, we may
state our main result: the proposed algorithm asymptotically converges in expectation to a stationarity condition of the Lagrangian
associated with the optimization problem stated in (7).
Theorem 1 Denote (Dt , wt , Λt , ν t ) as the sequence generated
by the block saddle point algorithm in (9)-(17). If Assumptions 1
- 4 hold true, then the first-order stationary condition with respect
to the primal variables
lim E[k∇D L(Dt , wt , Λt , ν t )k] = 0 ,
(22)
t→∞

lim E[k∇w L(Dt , wt , Λt , ν t )k] = 0

t→∞

(23)

Fig. 2: Initialized (left) and final (right) dictionary for 8-by-8 grayscale
patches. These dictionaries were computed using the centralized (N = 1)
algorithm with step-size  = 0.25.

Fig. 1: Sample images from the Brodatz texture database.

is asymptotically achieved in expectation. Moreover, the asymptotic feasibility condition
lim E[k∇Λ L(Dt , wt , Λt , ν t )k] = 0
(24)
t→∞

lim E[k∇ν L(Dt , wt , Λt , ν t )k] = 0

t→∞

(25)

is attained in an expected sense.
Theorem 1 guarantees that the block saddle point method as
stated in (9) - (17) solves the problem of learning a dictionary
and discriminative model over that dictionary representation of
the feature space in a decentralized online manner. In particular,
a first-order stationarity condition of the Lagrangian associated
with this problem is achieved asymptotically in expectation.
V. S IMULATIONS
We turn to the practical consequences of Theorem 1 by studying
the algorithm performance on a canonical computer vision task. In
particular, we study the performance of D4L for a multi-class texture classification problem on the Brodatz dataset [23] in order to
understand the numerical properties of the algorithm for a variety
of network sizes and topologies. In the case of studying the impact
of network size, we also compare the algorithm performance to
the centralized case, i.e. N = 1. For the subsequent experiments
we restrict ourselves to C = 4 class labels {grass, bark, straw,
herringbone weave} of the Brodatz textures, samples of which
are shown in Figure 1. This subset contains one grayscale image
per texture, which amounts to thirteen 512-by-512 images in total
consisting of 956, 484 overlapping 24 × 24 patches.
A. Feature Generation
Inspired by the two-dimensional textons in [24], we generate
texture features to classify, z, as the sum of the sparse dictionary representations of sub-patches of size 24 × 24 by first
extracting the nine non-overlapping 8-by-8 sub-patches within
it and vectorizing each
 normalized sub-patch to obtain a matrix
X = x(1) ; · · · ; x(9) . We then compute the feature zi,t at agent
i at time t as the aggregate over sparse codings of sub-patches as
P9
(l)
zi (Xi,t , Di,t ) = l=1 α? (Di,t ; xi,t ), which means that at time
t the local stochastic gradient of the dictionary [∇Di fˆi,s ]t is the
sum of contributions from each sub-patch representation.
We cast texture classification as a multi-class logistic regression
problem in which agent i receives signals xi,t and selects a
binary decision variable yi,t ∈ {0, 1}C where C is the number of
classes, whose cth entry is a binary indicator of whether the signal
belongs to class c. The supervised local loss fi,s for this problem
specification is the negative log-likelihood of the corresponding
probabilistic model (see [25]) stated as
! C
C
X
X
T
0
wi,c
T
0
zi +wi,c
fi,s (yi ,Wi , zi ) = log
e
− yi,c wi,c
zi +wi,c
,
c=1

c=1

(26)

T

with activation functions gc (zi ) = ewi,c zi computed using the cth
column wc of the weight matrix Wi ∈ R(k+1)×C . To ensure
identifiability, every element of the last column of Wi is set to
0
zero and wi,c
is a bias term for each class c. With WP
i , the probability that zi belongs to class c is given by gc (zi )/ c0 gc0 (zi ),
the classification decision is made by selectingPthe maximum
likelihood class label, i.e. c̃ = argmaxc gc (zi )/ c0 gc0 (zi ) and
consequently the only nonzero element of yi is its c̃th entry.
Besides the local loss fi,s , whose stochastic gradient almost
surely converges in magnitude to null as a consequence of
Theorem P
1, we also study the network average classification
N
accuracy
i=1 P (ŷi,t = yi,t )/N at each iteration. Here yi,t
denotes the true texture label, ŷi,t denotes the predicted label,
and P (ŷi,t = yi,t ) represents the empirical classification rate on
a fixed test set of size T̃ = 4.096 × 103 . We also consider the
relative variation of the classifiers, stated as
N
1 X
kW̄i,t − W̄j,t kF ,
(27)
RV(W̄i,t ) =
N j=1
Pt
where W̄i,t = s=1 Wi,s /t which quantifies how far individual
agents’ classifiers are from consensus . We consider time averages
W̄i,t instead of the plain estimates Wi,t because the latter tend to
oscillate around the stationary point W̃∗ and agreement between
estimates of different agents is difficult to visualize.
We subsequently describe the problem parameters used in our
implementation. Following [6], we select regularization parameters ζ1 = 0.125, ζ2 = 0, ξ = 10−9 , and adopt the learning-rate
selection strategy discussed in [6]: select the initial step-size  by
executing a grid search over a fixed small number of iterations
(T̃ = 2 × 102 ) and selecting the one that minimized the crossvalidation error. We set the step-size t = min(, t0 /t), where
t0 = T /2. We select dictionaries with k = 128 atoms via a
numerical study of the dictionary dimension (see [21]).
We adopt a mini-batching procedure: we replace the single
labeled patch with a small batch of 256 randomly-drawn labeled
patches, and then average the gradient values contributed by each
individual patch. This procedure reduces the variance of the local
stochastic gradients. Moreover, we initialize D using unsupervised
dictionary learning [5] for a small set of randomly-drawn initialization data, and use the associated data labels to initialize the
classifier parameters W. All experiments are run from a common
initialization. Experimentally we observe that values of  which
yield convergent behavior are smaller than effective values for
the centralized version [6] by an order of magnitude or more, and
hence we select  that yields convergence for both settings. For the
Brodatz dataset, we found that  = 5 × 10−2 led to convergence.
To investigate the dependence of the convergence rate in
Theorem 1 on the network size N we run (14)-(17) for problem
instances with N = 1 (centralized), N = 10, and N = 100
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Fig. 3: Learning achieved by an arbitrary agent in networks
P of size N = 1 (centralized), N = 10, and N = 100 with nodes randomly connected
with prob. ρ = 0.2. 3a-3b show fi,s (yi,t ,Wi,t , zi,t ) and N
i=1 P (ŷi,t = yi,t )/N versus iteration t, both of which decline more quickly in smaller
networks. Figure 3c shows that network disagreement in terms of RV (W̄j,t ) becomes more stable and declines faster with smaller N .

nodes. For the later two cases, cnnections between nodes are
random, with the probability of two nodes being connected set
to ρ = 0.2. In this experiment, each agent observes training
examples from all label classes. Figure 3 shows the results of
this numerical experiment for a randomly selected agent in the
network. Figure 3a shows fi,s (yi,t ,Wi,t , zi,t ) over iteration t. Observe that as N increases, the log-likelihood fi,s (yi,t ,Wi,t , zi,t )
declines at comparable rates for networks of moderate size, yet
it significantly slower for the N = 100 node network. To be
specific, both the centralized and N = 10 node network achieve
fi,s (yi,t ,Wi,t , zi,t ) ≤ 0.62 by T = 103 , while the N = 100
node network remains at 0.77 over its run. We may observe
this performance discrepancy more concretely in Figure 3b which
shows the classification accuracy on a fixed test set over iteration
t. The centralized algorithm achieves an accuracy near 76%,
whereas the decentralized methods achieve an accuracy of 75%
and 67% for the N = 10 and N = 100 node networks by T = 103
iterations, respectively. We next investigate how far the agents
are from consensus as measured by RV(W̄j,t ) over iteration t in
Figure 3c. Observe that for the N = 10 and N = 100 node
networks the algorithm achieves RV(W̄j,t ) ≤ 1.3 × 10−1 by
t ≥ 312 and RV(W̄j,t ) ≤ 3 for t ≥ 400. Thus the N = 100 node
network converges to consensus an order of magnitude slower
than the N = 10 node network. Overall networks of moderate
size achieve comparable performance to the centralized case.
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