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Abstract—We introduce DeNT, a decentralized Newton-based
tracking algorithm that solves and track the solution trajectory of
continuously varying networked convex optimization problems.
DeNT is derived from the prediction-correction methodology,
by which the time-varying optimization problem is sampled at
discrete time instances and then a sequence is generated via
alternatively executing predictions on how the optimizers are
changing and corrections on how they actually have changed.
Prediction is based on the sample dynamics of the optimality
conditions, while correction is based on a Newton method.
After presenting DeNT, we show how it can be implemented
in a decentralized way and analyze its convergence. We extend
it to cases in which the knowledge on how the optimization
programs are changing in time is only approximate, proposing
DeANT. We then present an application to a resource allocation
problem in a wireless network, demonstrating the proposed
method outperforms existing methods by orders of magnitude,
and exhibits a trade-off between convergence accuracy, sampling
interval, and network communications.

I. I NTRODUCTION
We consider unconstrained convex optimization problems
whose objective function F py; tq changes continuously in time
(indicated as t) and its components are available at different
nodes of a network. We assume that the objective function
can be decomposed into two parts: the first part is a sum of
locally available functions at the nodes and the second part is
shared between neighboring nodes. This probem formulation
has been studied in multiuser network optimization [1], control
[2], and robotics [3], [4].
To solve time-varying optimization problems, one may
sample them at discrete time instances tk , k “ 0, 1, 2, . . . ,
and then solve each time-invariant instance of the problem,
with objective F py; tk q. If the sampling period h :“ tk`1 ´ tk
is chosen arbitrarily small, then one could find the solution
trajectory y ˚ ptq with arbitrary accuracy. However solving such
problems for each sampling time is not a viable option in
most application domains, since the computation time for
each optimizer would exceed the rate at which the solution
trajectory changes, unless y ˚ ptq is approximately stationary.
Moreover, in the decentralized case, the communications
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requirement for solving each instance of the time-varying
problem would also yield an unacceptable latency. In short,
the majority of distributed algorithms for convex problems
with static objective function may not be easily extended to
handle time-varying objectives, with the exception of the case
in which the changes in the objective occur sufficiently slow
[1], [5].
Decentralized running algorithms, which run at the same
time-scale of the optimization problem and dynamically react
to changes in the objective function, have been shown to converge to a neighborhood of the true optimizer y ˚ ptk q, despite
the fact that only one round of communication is allowed per
discrete time step [6]–[13]. The aforementioned works tackle a
wide array of optimization problem classes (but mainly strong
convex objective functions with no constraints). Notably [10]
and [11] describe a running dual decomposition and a running
alternating direction method of multiplier (ADMM) algorithm.
It is important to note that, as we will show, all these methods
are bounded to converge up to a bounded error of size Ophq,
since they do not leverage information about how the cost
function changes with time and only react to the variation of
the objective function.
Prediction-correction algorithms [14], making use of tools
in non-stationary optimization [15]–[18], are developed to
iteratively solve convex programs which continuously vary in
time. These methods operate by predicting the optimal solution
at the discrete time instance tk`1 via an approximation of the
variation of the objective function F py; tq from tk to tk`1 , and
then correcting the predicted solution by executing projected
gradient or Newton descent. However, these methods are not
applicable to decentralized optimization problems since each
iteration requires access to Hessian inverse of the objective
function F py; tq which is a global computation.
In [19], we have extended the methods in [14] to handle
the decentralized computation of the Hessian inverse, but we
have only considered gradient-based correction steps. In this
paper,
i) We present a decentralized prediction-correction algorithm that has a Newton correction step (DeNT), thereby
enabling better convergence and tracking performance;
ii) Under suitable conditions we show that the asymptotical
error bound can be made arbitrarily close to Oph4 q, which is
the centralized bound. The error bound depends specifically
on the number of communication rounds each node has to
perform per time step, and we display trade-offs between
accuracy and communication burden.
iii) Finally, we consider cases in which the prediction of how

the cost function changes in time is made via the estimated
knowledge of its derivative in time, which is necessary in most
practical settings.
Interesting related work in distributed time-varying optimization, where however the authors employ a continuoustime algorithmic strategy, can be found, e.g., in [20]–[22].
II. P ROBLEM F ORMULATION
We consider a connected undirected network G “ pV, Eq,
with vertex set V containing n nodes associated with which
is a decision variable y i P Rp . Moreover E denotes the edge
set E of the network. Further define y “ ry 1 ; . . . ; y n s P Rnp
as the concatenation of the decision variables. We focus on
problems where nodes aim at cooperatively minimizing the
global smooth strongly convex cost function F : Rnp ˆ R` Ñ
R, which can be written as the sum of a locally available
function f : Rnp ˆR` Ñ R, and a function g : Rnp ˆR` Ñ R
induced by the network structure G. In particular, the objective
function f py; tq is the sum of locally available functions as
ÿ
f py; tq :“
f i py i ; tq ,
(1)
iPV

while the network related objective function gpy; tq has the
form
ÿ
ÿ
gpy; tq :“
g i,i py i ; tq `
g i,j py i , y j ; tq .
(2)
iPV

pi,jqPE

We study the problem

y ˚ ptq :“ argmin F py; tq :“ f py; tq ` gpy; tq,
yPRnp

for t • 0.

(3)
Our goal is to enable the nodes to determine their own
component of the solution y ˚ ptq of (3) for each time t
in a decentralized fashion, i.e. a protocol such that each
node only requires communication with neighboring nodes.
Notice that nodes can minimize the objective function f py; tq
independently, while minimization of the objective function
gpy; tq requires coordination and exchanging information between neighboring nodes. Examples of the formulation (3)
are approximate distributed optimization, resource allocation
problems, and estimation of spatially distributed processes, as
reported in [19], [23] 1 .
III. A LGORITHM D EVELOPMENT
In order to solve the time-varying optimization problem in
(3), the first step is sampling the continuously varying objective function F py; tq at time instants tk with k “ 0, 1, 2, . . . .
1 Notation. Vectors are written as y P Rn and matrices as A P Rnˆn . We
use } ¨ } to denote the Euclidean norm, both in the case of vectors, matrices,
and tensors. The gradient of the function F py; tq with respect to y at the
point py, tq is indicated as ry F py; tq P Rn , while the partial derivative of
the same function w.r.t. t at py, tq is written as rt F py; tq P R. Similarly,
the notation ryy F py; tq P Rnˆn denotes the Hessian of F py; tq w.r.t. y
at py, tq, whereas rty F py; tq P Rn denotes the partial derivative of the
gradient of F px; tq w.r.t. the time t at py, tq, i.e. the mixed first-order partial
derivative vector of the objective. This notation is then consistent for higher
derivatives.

This leads to a sequence of time-invariant problems
y ˚ ptk q :“ argmin F py; tk q
yPRnp

k • 0.

(4)

Having access to unlimited computational capabilities and
allowing the nodes to exchange an arbitrarily number of
messages between consequent time instances tk and tk`1 , one
could solve the problems (4) with high accuracy at each time
instance. However, if the sampling period h :“ tk`1 ´ tk
is small, this is usually very challenging even for moderate
size networks. Therefore, we propose a tracking algorithm
that generates a sequence of approximate optimizers for (4),
i.e., tyk u which asymptotically converge to the true optimizer
of (4), y ˚ ptk q, up to a bounded tracking error. Formally, one
would like to generate a sequence tyk u for which
lim sup }yk ´ y ˚ ptk q} “ 'ph, q ,

(5)

kÑ8

where ' is a function of the sampling period h and the average
number of exchanged messages per node per time instance .
In order to generate such a sequence, we make use of
prediction-correction methods [14], which we subsequently
describe. Starting from an arbitrary initial condition y0 , for
each time k • 0, these methods operate by predicting a new
approximate optimizer as
yk`1|k “ yk ´ h rryy F py; tk qs´1 rty F py; tk q ,

(6)

and then correct this predicted vector as,
yk`1 “ yk`1|k ´ ck`1 ,

(7)

for a certain correction direction ck`1 P Rnp and nonnegative
constant stepsize ° 0.
The prediction direction is generated based on the information available at time tk only, and it is based on the idea to
keep the suboptimality of the predicted yk`1|k w.r.t. y ˚ ptk`1 q
as close as possible to the suboptimality of yk w.r.t. y ˚ ptk q.
The correction direction is then selected as an approximate
Newton step, and it is based on the information available at
time tk`1 .
Since we consider cases where distinct nodes of a network
are charged with the task of collaboratively minimizing the
global objective F with only local information, we turn to
extending the updates in (6) - (7) to allow for distributed
implementation. We turn to approximating the Hessian inverse
computation in (6) - (7) in the following subsections.
A. Hessian inverse approximation
Even in the case that the sparsity pattern of the Hessian has the same sparsity pattern as the graph, its inverse
rryy F pyk ; tk qs´1 is not sparse in general and hence its
computation requires global coordination. To derive a decentralized protocol in [19] we build upon a recently proposed
technique algorithm to approximate Hessian inverses in a
decentralized way which may be made arbitrarily accurate
[24], [25]. The approximation is obtained by truncating the

Taylor expansion of the Hessian inverse.2 In particular, define
diagrryy gpyk ; tk qs as the matrix whose diagonal is the one
of the block diagonally dominant matrix ryy gpyk ; tk q [cf.
Assumption 2]. We can write the Hessian as
(8)

ryy F pyk ; tk q “ Dk ´ Bk ,
where the matrices Dk and Bk are defined as
Dk :“ ryy f pyk ; tk q ` diagrryy gpyk ; tk qs ,

(9a)

Bk :“ diagrryy gpyk ; tk qs ´ ryy gpyk ; tk q .

(9b)

When the function f is strongly convex, the matrix Dk is
a positive definite block diagonal matrix and encodes local
network relationships. Moreover, the matrix Bk has the same
structure of the graph. Furthermore, given that Dk is a positive
definite block diagonal matrix, the objective function Hessian
ryy F pyk ; tk q can be alternatively written as
´1{2

1{2

ryy F pyk ; tk q “ Dk pI ´ Dk

´1{2

Bk D k

1{2

qDk .

(10)

Consider the Taylor series expansion of the second term inside
the parentheses on the right-hand side of (10)
pI ´ Xq´1 “

8
ÿ

X⌧ ,

⌧ “0

´1{2

for X “ Dk

´1{2

Bk D k

.

⌧ “0

(12)
We introduce the decentralized prediction approach as a decentralized algorithm that approximates the Hessian inverse
rryy F pyk ; tk qs´1 in (6) by truncating the series in (12).
The approximate Hessian inverse H´1
k,pKq with K level of
approximation is defined by the first K+1 terms in (12) as
H´1
k,pKq

“

´1{2
Dk

⌧ “0

´1{2
´1{2
D k Bk D k

¯⌧

´1{2
Dk .

(13)

From the Hessian inverse approximation in (13), it follows
that the prediction step can be written as
yk`1|k “ yk ´h H´1
k,pKq rty F pyk ; tk q “: yk ´h dk,pKq , (14)
where

dk,pKq :“ H´1
k,pKq rty F pyk ; tk q

(15)

is defined as the prediction direction for K level of approximation.
In the following proposition, we show that the direction
dk,pKq can be obtained in a decentralized way via K ` 1
rounds of communication among neighboring nodes.
2 Note

ii
i
ii ´1
dik,p0q “ rH´1
rty F i pyk ; tk q ,
k,p0q s rty F pyk ; tk q “ pDk q
(16)
and making use of the prediction directions dik,p⌧ ´1q of itself
and its neighbors, and recursing over ⌧ “ 0, . . . , K ´ 1
´ ÿ
¯
j
´1
i
dik,p⌧ `1q “ pDii
Bij
kq
k dk,p⌧ q `rty F pyk ; tk q ,
jPN i Ytiu

(17)
ij
where matrices rty F i pyk ; tk q, Dii
k , and Bk are defined as
rty F i pyk ; tk q “ rtyi f i pyki ; tk q ` rtyi g i,i pyki ; tk q
ÿ
`
rtyi g i,j pyki , ykj ; tk q,

that in [19], we have introduced a different decomposition. Here
we change the decomposition to obtain better performance, see [23] for a
comprehensive discussion.

(18)

jPN i

i
i
i,i
i
Dii
k :“ ry i y i f pyk ; tk q ` ry i g pyk ; tk q ,

i,j
Bij
pyki , ykj ; tk q,
k :“ ´ry i y j g

for j P N i .

(19)
(20)

Proof: By direct computation.
Making use of the result in Proposition 1, at time tk , node
i executes the local update
i
yk`1|k
“ yki ´ h dik,pKq

(11)

Pre-multiplying and post-multiplying the expression in (11) by
´1{2
Dk
yields the infinite series representation of the Hessian
inverse
8 ´
¯⌧
ÿ
´1{2
´1{2
´1{2
´1{2
rryy F pyk ; tk qs´1 “ Dk
D k Bk D k
Dk .

K ´
ÿ

Proposition 1: Node i may compute its K order approximate prediction direction dik,pKq by initializing it as

(21)

where dik,pKq is computed as in (17), and only requires K
communication exchanges between neighboring nodes. We
next discuss how to alleviate the need for exact information
about how the objective is varying in time.
B. Time derivative approximation
In most practical settings, knowledge of how the function
F changes in time is unavailable. In such situations, to still
be able to use our algorithms, we may estimate the term
rty F py; tq via a first-order backward scheme. In particular,
let r̃ty Fk be an approximate version of rty F pyk ; tk q. We
compute r̃ty Fk as a first-order backward finite difference, as
r̃ty Fk “

1
pry F pyk ; tk q ´ ry F pyk ; tk´1 qq.
h

(22)

The approximation r̃ty Fk requires only information of the
first previous step. With this, we approximate the prediction
direction as
d˜k,pKq :“ H´1
(23)
k,pKq r̃ty Fk ,
which can also be computed in a decentralized way with K `1
rounds of communication, in a similar fashion as shown in the
proof of Proposition 1.
C. Decentralized correction step
The predicted variable yk`1|k , obtained with only local
information is then corrected via (7). The correction direction
can be computed as,
ck`1 “ ´A´1
k`1 ry F pyk`1|k ; tk`1 q,

(24)

where Ak`1 P Rnpˆnp is a nonsingular “preconditioning”
correction matrix, while ry F pyk`1|k ; tk`1 q is the gradient of
the cost function computed at the time tk`1 for the predicted

Algorithm 1 DeNT: Decentralized Newton Tracking at node i
Require: Initial variable y0 , objective F py; t0 q, h, K, K 1 .
1: for k “ 0, 1, 2, . . . do
2:
Compute local prediction direction dik,pKq by initializing as (16).
3:
for ⌧ “ 0, 1, 2, . . . , K ´ 1 do
4:
Exchange predicted direction dik,p⌧ `1q with neighboring nodes j P
N i and execute the recursion (17)
5:
end for
i
6:
Predict the trajectory yk`1|k
“ yki ´ h dik,pKq
7:
Acquire the updated function F py; tk`1 q
8:
Compute the correction direction ck`1,pK 1 q by initializing as in a
decentralized fashion as in
cik`1,p0q “ rH´1
sii ryy F i pyk`1|k ; tk`1 q
k`1|k,p0q
9:
10:

for ⌧ “ 0, 1, 2, . . . , K 1 ´ 1 do
Exchange correction step cik,p⌧ `1q with neighboring nodes
j
P
N i and execute the recursion cik`1,p⌧ `1q
“
´ ÿ
¯
ij
j
ii
´1
i
pDk`1 q
Bk`1 ck`1,p⌧ q ` ry F pyk`1|k ; tk`1 q
jPN i Ytiu

11:
end for
i
i
12:
Correct the trajectory prediction yk`1
“ yk`1|k
´ cik`1,pK 1 q
13: end for

vector yk`1|k . Different choices of correction matrix give rise
to different correction steps. The case Ak`1 “ I corresponds
to DeGT (decentralized gradient tracking) and is studied
in [19].
To accelerate this method, we may select the preconditioning matrix to incorporate to second-order information of
´1
´1
the objective as A´1
k`1 “ Hk`1|k,pK 1 q , where Hk`1|k,pK 1 q
1
is the K level approximation of the inverse of the Hessian
ryy F pyk`1|k , tk`1 q evaluated at the time tk`1 for the predicted vector yk`1|k . With this choice and a unitary stepsize
“ 1 we obtain
yk`1 “ yk`1|k ´ H´1
k`1|k,pK 1 q ry F pyk`1|k ; tk`1 q,

(25)

which is a K 1 level approximate Newton step. This step is also
computable in a decentralized fashion. In practice, one can use
the same algorithm for the prediction direction to compute the
term H´1
k`1|k,pK 1 q ry F pyk`1|k ; tk`1 q, where now the gradient
takes the place of the time derivative. A similar analysis shows
that (25) can be computed via K 1 `1 rounds of communication
among neighbors.
Making use of this fact, we may derive a decentralized
protocol for node i to execute its correction step, which is
stated as
i
i
yk`1
“ yk`1|k
´ cik`1,pK 1 q ,

(26)

and requires only K 1 information exchanges with neighboring nodes j P Ni . The updates in (21) and (26) taken
together we call decentralized Newton tracking (DeNT), and
are summarized in Algorithm 1. When the time-derivative
estimate in (22) is used instead of its exact counterpart to
compute the prediction step d˜ik,pKq , the approximate version
of (21) is referred to as decentralized approximate Newton
Tracking (DeANT). We study the convergence properties of
these methods in the following section.

IV. C ONVERGENCE ANALYSIS
Assumption 1: The local functions f i are twice differentiable and the eigenvalues of the Hessians ryi yi f i py i ; tq
are bounded by constants 0 † m and M † 8. Therefore,
the eigenvalues of the aggregate function f py; tq :“
∞
i
i
iPV f py ; tq are bounded uniformly as
mI ® ryy f py; tq ® M I.

(27)

Assumption 2: The functions g py ; tq and g py , y j ; tq
are twice differentiable. The aggregate function Hessian
ryy gpy; tq is block diagonally dominant and the largest
(smallest) eigenvalue of its block diagonal is upper bounded
(lower bounded) by L{2 † 8 (`{2 ° 0).
Assumption 3: The derivatives of the global cost F py; tq
defined in (3) are bounded for all y P Rnp , @t as
i,i

i

i,j

i

}rty F py; tq} § C0 , }ryyy F py; tq} § C1 , }ryty F py; tq} § C2 .
(28)
From the bounds on the eigenvalues of Hessians ryy f py; tq
and ryy gpy; tq in Assumptions 1 and 2, respectively, it
follows that the eigenvalues of the global cost Hessian
ryy F py; tq are uniformly bounded as
m I ® ryy F py; tq ® pL ` M q I.

(29)

The smoothness and regularity conditions we require are standard in the analysis of time-varying optimization methods [10],
[11], [18]. Besides guaranteeing that Problem (3) is strongly
convex and has a unique solution for each time instance, these
assumptions imply that the Hessian ryy F py; tq is invertible3 .
Theorem 1: Consider the DeNT and DeANT algorithms.
Let Assumptions 1-3 hold and fix K and K 1 as the Hessian
inverse approximation levels for the prediction and correction
steps, respectively. Let the function : N Ñ R be defined as
ˆ
˙q`1
C0
L{2
pqq “
.
(30)
m m ` L{2

There exist bounds K̄, h̄, and R̄, such that if the sampling
period h is chosen as h § h̄, K and K 1 are chosen as K, K 1 •
K̄, and the initial optimality gap satisfies }y0 ´ y ˚ pt0 q} § R̄,
then tyk u converges exponentially to the solution trajectory
y ˚ ptk q up to a bounded error as
lim sup}yk ´ y ˚ ptk q} § Oph pKq pK 1 qq`

(31)

kÑ8

Oph2 p pK 1 q ` pKq2 qq ` Oph3 pKq2 q ` Oph4 q.
Proof: See [23].
Theorem 1 says that DeNT and DeANT converge to a
bounded tracking error defined in (31) once the algorithm
reaches an attractor region (a detailed characterization of
such an attraction region and its local nature is deferred
to [23]). The error bound in (31) depends, as expected, on
the sampling period h and the approximation levels K and
K 1 . In the worst case, the asymptotic error floor will be of the
3 Future research will be focused on weakening some of the assumptions
in the context of non-smooth optimization, as preliminary tackled in [26].

2

2

10

10

0

10

0

Ophq

Asymptotical error bound

Error }yk ´ y ˚ ptk q}

10

−2

10

Oph2 q

−2

10

−4

10

Oph4 q

−4

10

Running gradient
DeGT, K=3
DeGT, K=5
DeAGT, K=51
DeNT, K=K =3
DeNT, K=K 1 =5
DeANT, K=K 1 =5

−6

10

−8

10

−10

10

0

10

Running gradient
DeGT, K=3
DeGT, K=5
DeAGT, K=51
DeNT, K=K 1 =3
DeNT, K=K =5
DeANT, K=K 1 =5

−6

10

−8

1

2

10

10

3

10

−2

10

−1

10

0

10

Sampling time instance k

10

Sampling period h

Fig. 1. Error with respect to the sampling time instance k for different
algorithms applied to a continuous-time sensor network resource allocation
problem (33), with h “ 0.1.

Fig. 2. Comparison of asymptotic error bound maxk°k̄ t}yk ´ y ˚ ptk q}u
with sampling period h. Black dotted lines represent sampling period error
bounds Ophr q for r “ 1, 2, 4.

order Ophq. However, in some cases we may achieve tighter
tracking guarantees. In particular, when the terms containing
the function
are negligible, that is when K and K 1 are
big enough, then the asymptotic error bound can achieve
the Oph4 q dependence, similarly to the centralized methods
for this problem class [14]. This implies a trade-off between
accuracy and communication effort.

Rlp are induced by channel capacity and rate transmission
constraints.
In cases where the computational capability of the individual
sensors is limited, it is advantageous to solve (32) in an
approximate and decentralized way. One way to do so is to
make use of an approximate augmented Lagrangian approach
as in [29], and solve the unconstrained problem
ÿ
1
minimize
f i py i ; tq ` 2 }Ay ´ bptq}2 .
(33)

V. N UMERICAL EVALUATION
To evaluate the empirical performance of the algorithms
derived in Section III, we consider a wireless sensor network
aiming to collaboratively solve a time-varying resource allocation problem. This problem has been investigated by a number
of authors in the time-invariant case – for instance, see [27],
[28]. However, due e.g. to varying battery levels, or importance of each sensors when estimating spatially distributed
time-varying fields, it makes sense to consider time-varying
elements. Let f i : Rp ˆ R` be a time-varying strongly convex
smooth loss function associated with node i in a network of
interconnected nodes G. The function f i encodes the quality of
the transmission of node i, whose decision variable is denoted
as y i P Rp . The resource allocation problem associated with
this sensor network may be formulated in its time-varying
version as
ÿ
minimize
f i py i ; tq
(32a)
y 1 PRp ,...,y n PRp

iPV

subject to Ay “ bptq,

(32b)

where y P Rnp is the stacked version of all the local decision
variables yi , while the matrix A P Rlˆnp and the time-varying
vector bptq P Rl describe the resource allocation constraints,
as in network flow formulations. In (32), A P Rlpˆnp denotes
the augmented graph edge incidence matrix. The matrix A is
formed by l ˆ n square blocks of dimension p. If the edge
e “ pj, kq with j † k links node j to node k the block
pe, jq is rAsej “ Ip and the block rAsek “ ´Ip , where Ip
denotes the identity matrix of dimension p. All other blocks
are identically null. Moreover, the time-varying vectors bptq P

y 1 PRp ,...,y n PRp

iPV

The parameter ° 0 tunes the approximation level. Given the
structure of A, problem (33) is an instance of (3).
As in [27], Section 5, we select the local functions f i py i ; tq
associated with each node i as
“
`
˘‰
1
f i py i ; tq “ ai py i ´ ci ptqq2 ` log 1 ` exp bi py i ´ di ptqq ,
2
(34)
where y i P R, and ai , bi , ci ptq, di ptq are (time-varying) scalar
parameters. The second order derivative of f i in y i is bounded
above by ai ` pbi q2 {4 and below by ai . We set each ai and
bi to be draw from a uniform random distribution in r1, 2s
and r´2, 2s, respectively. We choose ci ptq and di ptq as the
time-varying functions
ci ptq “ 10 cosp✓ci ` ! tq,
i

d ptq “

10 cosp✓di

` ! tq,

✓ci „ U r0, 2⇡q,

✓di

„ U r0, 2⇡q,

(35a)
(35b)

where we set ! “ 0.1. The sensors in the n “ 50 node wireless
network can communicate if they are closer than a certain
distance, and in particular
? ? we set the maximum communication
range as r “ 2.5 2{ n. This generates a network of
? l links.
We set b “ 0, while the approximation level “ 20. We
can compute the bounds in the Assumptions 1-3 as
m “ 1, M “ 2, L “ 1.4, C0 “ 2, C1 “ 0.8, C2 “ 0.8.
(36)
We analyze the behavior of DeNT and DeANT w.r.t.
the decentralized running gradient method of [12], and the
decentralized DeGT and DeAGT of [19]. In Figure 1, we
depict how the different algorithms reach convergence as

time passes for sampling interval h “ 0.1. Observe that
the time-approximation in DeAGT and DeANT does not
degrade significantly the asymptotical error, while the number
of communication K and K 1 play a more dominant role
(especially in the case of DeNT).
We also observe this trend in Figure 2, where we analyze
the behavior varying the sampling period h. We approximate
the asymptotical error bound as
max t}yk ´ y ˚ ptk q}u ,
k°k̄

(37)

for a given k̄ (in the simulation results k̄ is either 800 for
h • 1{16 or 2000 for h † 1{16). We observe that, as expected
by the analysis in Section IV, the running gradient has an
asymptotical error that goes as Ophq, DeGT has one that varies
between Ophq and Oph2 q depending on the approximation
level K and h, and DeNT has one that varies between Ophq
and Oph4 q.
VI. C ONCLUSION

We considered continuously varying convex programs
whose objectives may be decomposed into two parts: a sum of
locally available functions at the nodes and the a part that is
shared between neighboring nodes. To solve this problem and
track the solution trajectory, we proposed a distributed iterative
procedure which samples the problem at discrete times. Each
node predicts where the solution trajectory will be at the next
time via an approximation procedure in which it communicates
with its neighbors, and then corrects this prediction by incorporating information about how the local objective is varying,
again via a decentralized local approximation. We developed
an extension of this tool which allows for the case that the
dynamical behavior of the objective must be estimated.
We established that this decentralized approximate secondorder procedure converges to an asymptotic error bound which
depends on the length of the sampling interval and the amount
communications of the network. Moreover, we established that
this convergence result also applies to the case where time
derivatives must be approximated.
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