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Abstract

The Lotka-Volterra Model is a classical set of dierential equations
used to model predator-prey interactions. This model may be generalized in a variety of ways, but does not incorporate any spatial-temporal
relationships. We examine the spatial element of the model by expanding the system to contain multiple predator-prey sites in a nite linear
chain with migrational interactions between them. Modern numerical
techniques from chemical kinetics were employed in our analysis and include ODE solvers, the Gillespie SSA arising from Petri Net representations, and the Estimated-Midpoint Langevin Method motivated by Diffusion and Poisson Approximations of the discrete Petri Net description.
With these tools we can examine the dierences between some deterministic and stochastic formulations of the system with special interest given
to disparities in spatial-temporal relationships, periodicity, and extinction
rates.
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Introduction
Many classical models in population dynamics are deterministic in nature. In
order to broaden their applicability, they may be generalized as stochastic processes.

We focus on the Lotka-Volterra Model, a set of dierential equations

meant to describe elementary interactions of cohabiting predator-prey populations. The stochastic theory surrounding the motivation of the Lotka-Volterra
Model is rmly rooted in recent developments in chemical kinetics in that modern stochastic methods are required to describe the intricacies of the model
and perform well-grounded simulations.

To date, few Lotka-Volterra Models

explore the spatial distribution of population density over time and even fewer
stochastic methods can handle such spatial-temporal components. In adapting
modern stochastic methods for a spatially oriented Lotka-Volterra Model (that
is, one that incorporates migrational interactions), we may expose some sharp
new problems in stochastic theory.

The Lotka-Volterra Model
Predator-prey interactions in nature
are key to understanding evolution
and population dynamics.

Predator and Prey Population Over Time

Around

1910-1920 Vito Volterra and Alfred
J. Lotka simultaneously developed a
set of dierential equations to represent interacting predator and prey
populations. The original motivation
for the model came from a noticeable
spike in predatory sh in the Adriatic
Sea following World War I. In seeking
to understand what conditions might
be more favorable to the predatory
sh, this model was formulated. The
model assumes the prey population
(for example, rabbits) reproduces and
is consumed by the predator at specied rates. Additionally, the predator

Initial conditions: x0 = 100, y0 = 100

population (for example, foxes) de-

α = 1, β = 0.05, γ = 1, δ = 0.05

clines at a certain rate.

Their pop-

ulation level changes over time are described by the following equations called
the Lotka-Volterra Model :

dx
= x(α − βy)
dt
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dy
= −y(γ − δx)
dt
where x is the prey population, y

Predator-Prey Orbital Relationship

is the predator population, and the

α the
β the

system is parametrized by
population growth rate,
consumption

rate,

γ

the

prey
prey

predator

population decline rate, and

δ

preda-

tor population growth rate. The state
space for the Lotka-Volterra Model is
2

S = {(x, y)R : x ≥ 0, y ≥

the set

0}.

The solutions to any dynamical

system can be characterized in the following way:

•
•

If

x(t) = x

for

∀tR

then

x

is

called a rest point.

x(T ) = x for some T R but
x(t) 6= x for ∀t(0, T ) then x
If

is called a periodic point with

period T.

•

If

t → x(t)

is an onto function,

the orbit never crosses itself. It
will topologically appear as a line.

Even a simplistic model like the Lotka-Volterra Model exhibits complicated
behavioral patterns and requires careful analysis.
from setting the states of change to 0.

The stability points come

Any solution set to the basic Lotka

Volterra Model takes the form:

(i) x(t) = y(t) = 0
(ii) x(t) = 0, y(t) = y(0)e−γt
(iii) x(t) = x(0)eαt , y(t) = 0
The solutions to this model imply a few important facts. For one, if either the
prey or predator population at some time is 0 then it remains there for all time.
If there are no prey present, the predator population will decay exponentially
to 0.

Further, if the predator population reaches 0 at any point, the prey

population increases to

∞.

Clearly the model could use some ne tuning, as

several of these assumptions are invalid. This system of dierential equations
produces a closed orbital pattern relating the predator and prey population
levels over time shown in the above gure. Once a deterministic system such
as the one shown starts o on a nonzero path, it remains on this orbital path
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forever and is said to be invariant on S. Also, by our above denitions, this
solution is periodic.

The x axis and y axis form the other solution sets and

clearly are rest states. If one unravels the parametric orbital curve shown over
time, periodic oscillations appear. These oscillations are shown based on the
same initial conditions as the orbital pattern gure. The parameters determine
the form the oscillations take over time. The particularly stable character of this
experimental setup derives from the equality of the prey and predator growth
rates as well as the equality of the prey and predator decline parameters (which
is obviously unrealistic but we mean to emphasize simple periodicity in this
example).
The Lotka-Volterra Model lends itself naturally to many modications and
generalizations.

The solutions of the classical Lotka-Volterra model absurdly

imply that the prey population will increase toward innity without any predators present. It's important we bound the increase of the prey in the absence of
the predators by some carrying capacity related parameters. This is typically
done by assuming a logistic growth form as a result of competition within a
species. This takes the form:

dx
= x(α − εx − βy)
dt
dy
= −y(γ − δx + ςy)
dt
Here

ε > 0

is some value that de-

termines competition within a species
(intraspecies

competition )

prey, and likewise for

ς ≥0

for

the

Predator and Prey Population, Adjusted For
Carrying Capacity

with the

predator population. It is less important that

ς > 0

because the preda-

tor population will decline naturally
in the absence of food.

In the ab-

sence of predators, the prey population x will converge to its carrying capacity which is uniquely determined
by the parameters. Formally speakx → αε as the predator population y → 0. In standard ecology nota-

ing,

tion, the carrying capacity is denoted
K = αε . The notion of stable periodic conditions in this carrying capac-

by

ity model become quite labyrinthine,
require careful analysis, and are omit-

Initial conditions: x0 = 100, y0 = 100,

ted.

α = 1, β = 0.05, γ = 1, δ = 0.05, ε =

Qualitatively, the dierences in

complexity between the carrying ca-

0.01, ς = 0.01

pacity model and the standard LotkaVolterra are readily apparent. Over time we can see the system stabilizing. This
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rest point has been rigorously established to exist under particular conditions
of

ω − limits

for a given state (see Hofbauer and Sigmund).

We also examine the system's expansion to incorporate additional species.

For example, one could imagine the population level of the rabbits as depending
on grass. In the most general case, we formulate the multispecies model as

n
X
dxi
αij xj )
= xi (βi +
dt
j=1

αij

describes the eect of the jth

population upon the ith population. We consider

A = [αij ] to be the interaction

where

βi

is the growth rate of species i and

αij > 0 if it describes a positive eect on a species populaαij < 0 if it describes a growth inhibiting relationship.
There
Pn
α
are many points of stability such as xi (0) = 0 and 0 = xi (βi +
j=1 ij xj ).
n
This system takes values on {(x1 , .., xn )R : xi ≥ 0 f or i = 1, ..., n} and like
the simpler models above, if a species population xi (0) = 0 then xi (t) = 0 for

matrix. We assume
tion growth, and

all t.

Some important results follow from this multispecies formulation. The
Pn
j=1 αij xj ) can have at most one solution in
xi > 0 ∀i there is only one solution; however,

set of solutions to 0 = xi (βi +
n
the interior of R . That is, for

in the case of det(A)=0 there will be multiple solutions that will be identically
rest points. Both modifying the model to include intraspecies competition and

to incorporate multiple species are steps in the right direction, but only explore
temporal relationships.
In order to broaden the model to incorporate spatial relationships (and
spatial-temporal interactions), we modify the classical model to a system of
multiple predator-prey sites with migratory interactions between each site.
One could think of many neighboring ponds and species populations within
each pond, or bird and insect populations spread across an archipelago as the
natural motivation for this modication. This migratory interaction amounts
to two dierent summations for each species equation, one for departure rates
and another for an arrival rates. Each site (L sites in total) consists of a pair



dxi dyi
dt , dt


X
X
dxi
= xi (αi − βi yi ) − xi
kij +
kji xj
dt
j, j6=i

j, j6=i

X
X
dyi
= −yi (γi − δi xi ) − yi
cij +
cji cj
dt
j, j6=i

where each

kij ,cij

j, j6=i

denote the migration rates from site i to site j for the prey

and predator respectively. Note that

i 6= j is due to the fact site i cannot migrate

to itself. In the most general case, every site is connected with every other site.

The most intuitive ideas of distance and spatial relationships are conveyed when
we whittle down the number of connections between sites. In that, we will limit
ourselves to a nite linear chain of sites in order to observe spatial-temporal
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interactions, especially interesting boundary conditions. Also,

αi , βi , γi , δi

are

dened as in the classical Lotka-Volterra Model, so each site may have unique
specications if need be. This model can easily be modied to incorporate additional species at each of the L sites or to incorporate intraspecies competition
for each species; however, we will simply consider the migratory modication of
the classical system to best understand the spatial-temporal interactions. With
the groundwork laid to explore migration, we will focus on the dierences that
arise when we assume changes in the system occur randomly according to some
underlying probability distributions rather than at xed deterministic rates. To
understand exactly what is occurring in such a stochastic migrational model,
we need a precise method of visual representation.

Petri Nets
Carl Adam Petri developed a partic-

Digraph

ular type of graphical network called
a Petri Net in 1962 that is very useful for modeling, analysis, and representation of systems of interactions.
Petri nets are widely implemented in
chemical kinetics, but but we will be
using them to describe the LotkaVolterra model. Every Petri net has
an underlying graphical representa-

Bipartite Digraph

tion that has some key properties.
Firstly, every Petri net may be represented by a digraph, a set
where V

E ⊂ V ×V .

graph.

G = (V , E )

is the set of vertices and

E is the set of edges of the

Every element of E is called

an edge and may be represented as an
ordered pair

(v1 , v2 )

v1 to v2 ,
v1 → v2 .
nects

v1 and v2
(v1 , v2 ) con-

where

are vertices. If the edge

we may represent it as

A digraph is said to be bipartite

if its set of vertices V can be decom-

Note the dierence in connectivity. Every
edge only connects a place to a transition or
vice versa.

posed into two pairwise disjoint sets

P and R, that is,

V = P ∪R

and

P ∩ R = ∅.

P denotes the set of places (or

species ) and R the set of transitions (or reactions ).

This amounts to saying

every edge of G may only connect vertices of dierent types: a place to a transition or a transition to a place. Every edge can be written as
for some

rR

and

pP .

p→r

or

r→p

It is customary to represent places (or species ) as circles

and transitions (or reactions ) as rectangles.
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At any given time, the state of

Petri Net

a Petri net is characterized by the
number of tokens at each place (or
bold dots in the diagram).

For our

purposes it will be instructive to call
the amount of tokens at each place
the population size of a species. We
assign a non-negative integer X(p)
to represent the population size of a
species for each place (pP ). We can
think of the state of a Petri Net as the
location of the tokens at a given time.
For instance, if we have (X(p1 )

x,X(p2 ) = y ),

The weights given to each edge correspond to
the coecients of the products and reactants.

=

we can think of this

as a state for two places

p1 , p2 .

For

each edge (p,r) going from a place to
a transition, we assign a non-negative
integer Pre(p,r) as a weight for the reaction. Similarly, we assign for each edge
(r,p) going from a transition to a place a non-negative integer Post(p,r). We
may think of Pre(p,r) as the status of the species before reaction r and Post(p,r)
as the result of reaction r. The tokens move from place to place depending on
the results of the reactions that take place. For example, the following set of
reactions for species

A

and

B

correspond to the representation in the following

gure.

r1 : A + B → 2A
r2 : B → 2B
P re(r1 , A) = 1, P re(r1 , B) = 1, P ost(r1 , A1 ) = 2, P re(r2 , B) = 1, and
P ost(r2 , B) = 2. If m is the number of species and n is the number of

Then

reactions, we may represent Pre(p,r) and Post(p,r) as m by n matrices. In this
example,

P re(r, p) =



1
1

0
1



and

P ost(r, p) =



2
0

0
2



and X(A), X(B)

represent the population sizes of species A, B at some given time. Reactions
that in some way are an endpoint are denoted

/ →A
O

or

/
B→O

. These sorts

of events may signify birth, death, migration, or some other reaction that
absorbs or produces a species. We will be discussing migrational reactions in
greater detail later.

Stochastic Petri Nets
The Petri Net representation lends itself well to describing time-evolving processes. Dynamical systems arising from Petri Net representations may be formulated as stochastic or deterministic; however, we will focus on the stochastic formulation that incorporates the theory of the Poisson Process in that each reaction occurs asynchronously according to independent exponentially distributed
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times. In order to describe a dynamical system in this fashion, we need a function to determine how often each reaction event occurs.
m species, we dene the reaction rate function
action

ri

h(ri , X)

For n reactions and
as a function of a re-

and state X. It is not intuitively clear how to describe these reaction

rate functions. For i=1,...,n,

h(ri , X)

gives the transition rates for the dierent

states of a Petri Net. Through this, we may think of Petri Nets as the transition diagrams for continuous-time Markov Chains. We can describe the general
change over time of a Stochastic Petri Net in the following manner with R as
the set of reactions:

Xt1 (p) = Xt0 (p) +

X
rR

The quantity

#r ([t0 , t1 ])(P ost(r, p) − P re(r, p))

#r ([t0 , t1 ]) describes

the number of events (reactions) of
type

r

interval

that

occurred

[t0 , t1 ].

in

the

Lotka-Volterra Model as a Petri Net

time

This equation de-

scribes the present state as the previous state in addition to the sum of all
events that occurred, weighted appropriately by Pre and Post to describe
the outcome of each reaction.
We may describe the change in the
system over time but we rst must
choose appropriate reaction rate functions. For lack of a rigorously established result from mathematical ecology, we somewhat arbitrarily choose our
reaction rate functions according to the Law of Mass Action, a conventional
choice from chemical kinetics.
reaction to be

d=

P

For a given reaction, we dene the order of a

rR P re(r, p).

Most frequently in chemistry reactions of

higher order than 2 are made up of a sequence of elementary reactions that in
aggregate produce the higher reaction. Thus we will adopt this convention and
strictly concern ourselves with elementary reactions.

Applying the Petri Net

theory built up so far to the Lotka-Volterra Model, we can describe its basic
components in terms of elementary reactions where A is the prey population
and B is the predator population:

A → 2A
A + B → 2B
B→∅
The order of these reactions is respectively 1, 2, and 1. The rst reaction
represents the reproduction of a prey, the second reaction denotes the predator
reproducing after consuming a prey, and the last reaction represents the death
of a predator.

These reactions correspond to the following matrices

P re =

STOCHASTIC PETRI NETS
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0

1 0
1 1



and

P ost =



2
0
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0 0
2 0



. From these matrices, we may dene a

new matrix U the stoichiometric matrix in the following manner:

P re

. In this case,

U=



2 0
0 2

0
0



−



1 1
0 1

0
1



=



1 −1 0
0 1 −1



This Lotka-Volterra Petri Net is depicted on the previous page.
these reactions occur asynchronously according to some rates
more generally,

ci

for each

ri R.

U = P ost −

We assume

{c1 , c2 , c3 },

or

The Law of Mass Action gives us a way to

formulate the reaction rate functions in terms of the species quantity present at
a given place, X(A) and X(B). Thus we have our reaction rate functions:

h(r1 , X) = c1 X(A)
h(r2 , X) = c2 X(A)X(B)
h(r3 , X) = c3 X(B)
Generally speaking, for a reaction r : n1 s1 + n2 s2 + ... + nm sm ,
h(r, X) = cX(s1 )n1 X(s2 )n2 · · · X(sm )nm .

we have

Any Petri Net can be fully described in terms of its component parts in the

following way:

N = (P, R, P re, P ost, h, X).

P species the set of places (or

species) and R species the set of transitions (or reactions). Further, Pre gives
the place-transition edge weights and described by the set of all edges (p,r);
Post gives the transition-place weights and is the set of all edges (r,p). h gives
the reaction rate probability rates often chosen according to the Law of Mass
Action where we say probability rates rather than probabilities because they
are not normalized to sum to 1. Lastly, X denotes the state of the Petri Net at
T
some time and is denoted by a column vector X(P ) = (X(p1 ), ...X(pm ))
for
m dierent species and the superscript T denotes the transpose operation. It's
important to note that the set of edges is fully encompassed by the specications
of P, R, Post, and Pre so that it is omitted from the explicit description of a
Petri Net.
The Petri Net theory can be used to visualize this set of Lotka-Volterra reactions where the each event occurs randomly according to the reaction rate
functions

h(ri , X).

As previously noted, Petri Nets are widely implemented

in chemical kinetics, the eld in which the following algorithmic technique
arose, known as the Gillespie Stochastic Simulation Algorithm (or simply SSA).
This algorithm gives an iterative method for describing the way the interacting populations change over time according to the reaction rates, the weights
Pre and Post given by the reactions themselves, and the Poisson Process. We
assume a well-stirred mixture of species in order to preserve the indepen-

dence of events assumed by the Poisson Process and denote X as the vector
of species for n dierent reactions.
each species.

Note that X has m components, one for

We then input the Petri Net

N

and the end time

simulate the Stochastic Petri Net evolution over the time interval

T max to
[0, Tmax ].
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1. Initialize the state vector X at
some initial time (typically t0

0)

=

and call it X0 .

2. For each reaction

h(ri , X)
3. Set

ri ,

calculate

for j=1,...,n.

h(X) =

P

i

h(ri , X)

4. Simulate a sample value of of
an exponential random variable
with rate

λ = h(X)

and call it

s.
5. Set the current time
and rename it

t

t + s,

to

t.

6. Simulate a sample value of in-

k according to the probabilh(rk , X)/h(X)
and call it j .

dex

Initial Conditions: X0 = 100, Y0 = 100, c1 =
1, c2 = 0.005, c3 = 0.6 where X0 , Y0 denote
the prey and predator populations
respectively at t=0

ity distribution

7. Set the state of the system to

X = X + Uj

(where

Uj

is the

jth column of the stoichiometric
matrix).
8. Save X and t in some list.
9. If

t < Tmax ,the preassigned stop-

ping point, go back to step 2.
Some important qualitative results can be discerned from the simulation shown
here. As with any stochastic process, this process is nowhere dierentiable (due
to the spiky nature of the path). The population-time plots illustrate the asymmetric periodicity and uneven amplitudes, as a result of asynchronous events
driving the populations rather than deterministic rates of change. Further, the
stochastic orbital pattern formed from the predator-prey plot lacks periodic or
rest points. Instead of a stable path over time, the system evolves randomly.
The stochastic evolution of the Lotka-Volterra System will lead to some extinction: either predator or prey population will reach 0 as

t → ∞.

Allowing for

random uctuation brings our model closer to reality, but there is additional
groundwork we must lay before examining any intricate expansions of the system.
We implement the SSA method to examine how the stochastic formulation
of the Lotka-Volterra Model diers from the standard deterministic dierential
equations.

This continuous time stochastic process occurs in a manner that
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allows us to see the specic changes in species populations after every event. For
this reason, the SSA is sometimes called the Exact SSA because of its specicity.
It is indeed a continuous time process, but each event is a unique event that
changes the population by xed integer amounts (the results of the reactions
that occur). Therefore, it may considered a discrete state change description of
the model while it is dened as a continuous time process. In very large systems
of interactions, this specicity requires storage of huge quantities of data and
lengthy computation times. Instead of recording a new data point after every
event, we may instead use the Normal Approximation to the Poisson Process and
other mathematical tools to approximate the discrete event by event description
of the Lotka-Volterra Model by a system of stochastic dierential equations.

Stochastic Dierential Equations
Traditionally, the rate of change of dynamical systems is described by dierential equations.

In some cases, a well-dened deterministic path is not appro-

priate because the rate of change is subject to random uctuation. We introduce stochastic dierential equations to incorporate random variation (or white
noise). In the following discussion, we'll assume a basic knowledge of random
variables, independence, expectation, and variance.

To arrive at a stochastic

dierential form of the Lotka-Volterra model we'll rst need to establish some
key denitions.
This white noise term will be dened in terms of Brownian Motion. A stan-

dard Brownian Motion over

[0, T ]

is a random variable

W (t)

with the following

properties:
1.

W (0) = 0

2. For

with probability 1.

0 ≤ s < t ≤ T,

over the interval

[s, t],

the random variable

W (t) −

STOCHASTIC DIFFERENTIAL EQUATIONS
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N (0, 1)
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denotes the standard unit normal dis-

tribution. This may also be represented by

3. For any

W (s) ∼

0 ≤ s < t < u < v ≤ T, W (t) − W (s)

√
t − sN (0, 1).

and

independent.

W (v) − W (u)

are

δt = T /N for some N N, and set tj =
jδt
. Here j{0, 1, ..., N }and we denote Wj = W (tj ). Notice that every dWj ∼
√
δtN (0, 1) and Wj = Wj−1 + dWj . This will be essential in the construction

We partition the interval [0,T] by setting

of the stochastic integral.
For any scalar valued function h(t) over the interval
´T
0 h(t)dt by the Riemann sum

[0, T ],

we may approxi-

mate the integral

N
−1
X
j=0

h(tj )(tj − tj−1 )

Notice this is the left endpoint form of the Riemann sum. Similarly, we may
´T
h(t)dW (t) by the left-endpoint Riemann
0
sum
N
−1
X

approximate the stochastic integral

j=0

h(tj )(W (tj ) − W (tj−1 ))

dW (tj ) = W (tj ) − W (tj−1 ). For a single time-dependent
X(t), it's state at any given time t[0, T ] is given by

noting that
variable

X(t) = X0 +

ˆt
0

f (X(s))ds +

ˆt

random

g(X(s))dW (s)

0

We may describe the rate of change by the following dierential form of the
previous integral equation

dX(t) = f (X(t))dt + g(X(t))dW (t)
where

f (X(t)),g(X(t)) are any functions of X(t), dt is a
dW (t) is the needed white noise term,

ferential term, and

standard time difmade precise as a

Brownian Motion dierential, the rate of change of a standard Brownian ModX(t)
because a standard Brownian Motion is nowhere
dt

tion. We do not write

dierentiable with probability 1 and is shown to have innite variation. The
Brownian Motion dierential is also commonly called an Ito dierential due to
the role it plays in stochastic calculus developed by Ito.
The most important information to take away from this stochastic dierential form is that the rate of change is partitioned into a deterministic term
with rate of change dt and a white noise term dened by the Brownian Motion
dierential dW(t).

It is customary to emphasize the dierential form dX(t)

over the preceding integral form. This dierential equation is known as the Ito

dierential equation and is the limiting case of a left-endpoint Riemann sum

A STOCHASTIC DIFFERENTIAL LOTKA-VOLTERRA MODEL

with

δt → 0

(or as
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so that [0,T] is partitioned into innitely small

intervals. The Ito formulation of stochastic integration is one of two solution
approaches; another approach is the Stratonovich equation which is the limiting
case of a midpoint Riemann sum. We will be implementing the Ito form. Using
shorthand notation we can rewrite the stochastic dierential equation above as

dXt = f (Xt )dt + g(Xt )dWt

where

Xt

is some time-dependent random variable.

A Stochastic Dierential Lotka-Volterra Model
Earlier in the discussion of Stochastic Petri Nets we noted that the explicit event
by event evolution of the Stochastic Lotka-Volterra model is given by:

Xt1 (p) = Xt0 (p) +

X
rR

#r ([t0 , t1 ])(P ost(r, p) − P re(r, p))

We adopt the time subscripts t to emphasize the state of the system at a
particular time and use this formula to arrive at a nice stochastic dierential
equation to describe the approximate path of the Lotka-Volterra Model through
some careful manipulations and limits.
First rearrange the above equation to be stated as

Xt1 (p) − Xt0 (p) =

X
rR

#r ([t0 , t1 ])(P ost(r, p) − P re(r, p))

which can be written more generally as

∆X(p) =

X
rR

#r (∆t)(P ost(r, p) − P re(r, p))

We earlier assumed that our events follow the Poisson Process.
speaking, we have

#r (∆t) ∼ P ois(λ)

Formally

E(#r (∆t)) = V ar(#r (∆t)) = λ.
the Poisson Process as follows:Z ≈

and

We apply the Normal Approximation to
#r (∆t)−λ∆t
√
where Z ∼ N (0, 1). Then by the transformation properties of the
λ∆t
√

standard normal distribution, rewrite this as #r (∆t) ≈ λ∆t +
λ∆tZ . The
Chemical Langevin Equation is obtained by taking the limit as 4t → 0 which
is known as the Diusion Approximation.

lim ∆X(p) = lim

4t→0

dXt (p) =

4t→0

X
rR

X
rR

#r (∆t)(P ost(r, p) − P re(r, p))

(P ost(r, p) − P re(r, p))(λr (Xt )dt +

p
λr (Xt )dWt )

Thus we have arrived at a stochastic dierential equation to describe the
evolution of the Lotka-Volterra Model subject to random uctuation.

This

dierential equation follows the Ito dierential form in that the rate of change

A STOCHASTIC DIFFERENTIAL LOTKA-VOLTERRA MODEL
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is partitioned into a deterministic dierential and an Ito dierential.




U = P re − P ost, H(Xt ) = 

h(r1 , Xt )
.
.
.

h(rn , Xt )




,

dene the relationship between the rates

and

λr




p=

p1
.
.
.

pm




,

With

we can formally

of our Poisson Processes

#r (∆t)

and the reaction rate functions in convenient matrix notation.

dXt (p) = U H(Xt )dt +
where

diag{H(Xt )}

q
U diag{H(Xt )}U T dWt

represents

the matrix whose entries on the main
diagonal are identical to the matrix

H(Xt )

and 0 o the main diagoU T represents the transpose

nal, and

of the stoichiometric matrix U. Researchers in chemical kinetics (such
as

Gillespie)

have

established

two

key criteria for when the Chemical
Langevin Equation (obtained via the
Diusion Approximation) can accurately describe the evolution of such
a stochastic process.

(i) In a given small time interval dt,

the reaction rate functions

h(ri , X)

do not change signicantly.

(ii) Each reaction

ri

occurs many

more times than once during such a
time interval.
The Gillespie Algorithm or Exact
SSA records every event as the process progresses in time.

For more

elaborate systems of interactions with
many

reactions

and

species,

this

meticulous construction of the system's full history is quite computationally intensive and provides an unnecessarily high level of detail.

For-

tunately, we can approximate such an
elaborate system's approximate path
to an acceptable level via the Chemical Langevin Equation.

Simulating

this stochastic dierential system is
an intricate problem that has motivated some novel algorithmic solutions. We will be employing a type of

τ − Leaping .

The central idea behind

Initial Conditions:

X0 = 50, Y0 = 100, c1 =
1, c2 = 0.005, c3 = 0.6, τ = 0.005

The amount of data points saved is signicantly
reduced but the same patterns are apparent in this
method of stochastic simulation.

A STOCHASTIC DIFFERENTIAL LOTKA-VOLTERRA MODEL
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this method is to only record the change in the species populations at xed time
intervals rather than after every change. The above criteria for when we can
approximate a continuous time Markov Chain by a Markov Jump process are
made precise as follows.
1. Leap Condition: Require

τ

to be small enough so that the overall state

change will be minute in any time interval

[t, t + τ ).

Then none of the

reaction rate functions will change signicantly in such a time interval.

H(Xt+τ ) u H(Xt ) where as before H(Xt ) refers to the
h(ri , Xt ).
If the Leap Condition is satised, each h(ri , Xt ) will give the instantaneous
Concisely, we want

matrix whose rows are the vector-valued reaction rate functions

rate for a particular event during any innitesimally small time interval.
2.

τ  maxi { h(ri1,Xt ) }

which amounts to requiring that each event occurs

multiple times in a given small time interval

[t, t + τ ).

τ -Leaping (and a system of stochasτ ≤ h(ri2,X0 )
explained by noting that if τ is less than a few

We follow the conventional bound for when

tic dierential equations) is more appropriate than the Exact SSA:
for all i. This bound can be best

multiples of the time the Exact SSA requires to transition states, it makes more
sense to opt for the explicit rather than approximate description of the system's
path. We just as well could relax this second requirement and remain using the
rates of the Poisson Processes

#r (∆t) in

a more explicit event by event descrip-

tion; however, in our goal to nd a nice stochastic dierential equation (SDE)
to describe the evolution of the Stochastic Lotka-Volterra Model, we must use
the Diusion Approximation. Therefore, we impose condition 2. Simulating the
Lotka-Volterra Model following the structure of the Chemical Langevin Equation is subject to errors just as any SDE simulation is. In order to correct for
some computational errors inherent in simulation of SDEs, we opt for a Midpoint
approach. This Estimated-Midpoint Langevin Method will be implemented in
later numerical experimentation and is described here. Note that before we can
implement such a method, we must choose

τ

so that the above conditions are

satised.

Pn

i=1 h(ri , Xt )Ui where as before,
the stoichiometric matrix.

1. Compute

2. Set

λ̄ = τ

X̃t = Xt +

Ui

λ̄
λ̄
2 where 2 is the midpoint correction.

3. For each i=1,...,n, generate a random sample value

N (0, 1).
q
Set ki = h(ri , X̃t )τ + ni
h(ri , X̃t )τ
Pn
Compute λ =
i=1 ki Ui
normal distribution

4.
5.

6. Set

t= t+τ

is the ith column of

and

Xt = Xt + λ.

ni

from the standard

EXPERIMENTATION AND EXPLORATION

7. Save t and

Xt

in some list.

If

t < Tmax
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for some preassigned stopping

point, go back to the rst step.
This method is only correct provided that we are bounded away from the limit

τ → 0.

After signicant work, we have an eective simulation method for

a system of stochastic dierential equations approximating the Lotka-Volterra
Model applied to Stochastic Petri Nets. Equipped with this tool, the Gillespie
Exact SSA, and some rudimentary ODE solvers to handle the deterministic
system, we can eectively explore some numerical possibilities that will shed
light on the dierences between the stochastic and deterministic formulations
of the Lotka-Volterra Model.

Experimentation and Exploration
Single-Site Simulations
Single site simulations were included in earlier discussions to illustrate realizations of the Lotka-Volterra Model according to dierent methods. Comparing
these realizations is a natural precursor to looking at the migrational expansion
of the system. It's important to note that the single site deterministic system
requires four parameters:
tion rate,

γ

α

the prey population growth rate,

the predator death rate, and

δ

β

the prey preda-

predator population growth rate. In

the preceding stochastic methods, there were only three elementary reactions.
That is, the reaction

δ

A + B → 2B

describes both the

β

prey predation rate and

the population growth rate for the predator in light of having sucient food

to eat. For consistency and greater ease of understanding, we'll set

β=δ

in our

comparison of the stochastic and deterministic models.
The simulations on the following page present much information solely based
on qualitative observation. The deterministic system produces consistent amplitudes and period lengths whereas the stochastic systems do not. Further, from
randomness alone both stochastic systems reach lower valleys, supporting the
rigorous result that such stochastic systems will necessarily reach an extinction
event. Intuitively, the approximate path appears pretty close to the exact path;
however, the Exact SSA is much closer to reaching the extrema of the deterministic system, especially the minima. To be precise, the deterministic system's
maxima for predator and prey are 504 and 387 respectively. The Exact SSA's
simulated maxima are 504 and 379 whereas the Langevin Method's simulated
maxima are 431 and 318. As expected, nding an accurate stochastic dierential equation that signicantly improves on computational time to describe the
Lotka-Volterra's evolution in real time remains an open problem. The orbital
diagrams reect these discrepancies in the range of simulated values as well as
the lack of stable periodic conditions for the stochastic simulations. Now that
we are aware of some possible outcomes of elementary simulations, it is time to
explore the Lotka-Volterra Model expanded to include migrational interactions.

EXPERIMENTATION AND EXPLORATION
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Single-Site Comparison of Stochastic Methods to the Deterministic System
Exact Stochastic Simulation Algorithm

Estimated-Midpoint Langevin Method

Initial conditions: X 0 = 100, Y0 = 100,α = 1.2, β = 0.005, γ = 0.8, δ = 0.005,
c1 = 1, c2 = 0.005, c3 = 0.6

EXPERIMENTATION AND EXPLORATION
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Migrational Simulations
The deterministic Lotka-Volterra Model with migration takes the following form:

X
X
dxi
= xi (αi − βi yi ) − xi
kij +
kji xj
dt
j, j6=i

where each

j, j6=i

X
X
dyi
= −yi (γi − δi xi ) − yi
cij +
cji cj
dt
j, j6=i
j, j6=i


dxi dyi
,
site (L sites in total) consists of a pair
dt
dt

and

kij ,cij

denote the migration rates from site i to site j for the prey and predator respectively. The model will be simplied in a few ways stated below to better discern
spatial and temporal relationships in the simulations.

•

Set L=10 so that simulations will occur over a manageable system that
still has strict boundary and interior sites.

• αi = αj , βi = βj , γi = γj , δi = δj

for all

i 6= j .

The equality of parameters

will remove their dependence from our observations.

•

For interior sites, site i is only connected (in the sense the migrations occur
between the sites in both directions) to site i+1 and i-1. For boundary
sites: site 1 is only connected to site 2 ; site L is only connected to site

L-1.
The Lotka-Volterra Model with migration in terms of elementary chemical reactions with the above simplications reduces to this collection for a single site.
The double edged arrows represent the bidirectionality of the migrational reactions.

(i) Ai → 2Ai
(ii) Ai + Bi → 2Bi
(iii) Bi → ∅
(iv) Bi

Bi+1

(v) Ai

Ai+1

(vii) Bi

Bi−1

(vi) Ai

Ai−1

EXPERIMENTATION AND EXPLORATION
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This set of reactions represents
those of an interior site. For site 1 or site L, remove (vi),(vii) or (iv),(v) respectively. Recall that each reaction has some specied reaction rate
dependence on these rates, set them equal.

ci .

To remove

That is, each site's reproduction

reaction rates will be equal as well as all others (including migration rates).
Applying the Petri Net ideas to this expansion, we can view the rst and second sites as in the gure. The elipses represents the connection to site 3, and the
Petri Net continues as expected. The Exact SSA and the Estimated-Midpoint
Langevin Method apply seamlessly to this expansion once we have tailored the
Petri Net input appropriately. The stoichiometric matrix U describing this intricate 10 site system has dimensions 20x210 and follows an easily illustrated
block-diagonal pattern for the non-migrational portion of the matrix. The migration reactions follow a more complicated pattern.



(1)
 U


 0


 ..

U = .



 .
 ..


0

U

Here

(i)

···

0
U

(2)

···

0

0
..

0

..

.

..

.

.

1 −1
0 0
−1 1
0 0

0 0
1 −1
0 0
−1 1

0

0

.
.
.

.
.
.

0

0



···

..

.

0
···
=



···
1 −1 0
0 1 −1

0


U

(10)

···

−1 1
0 0

and denotes the stoichiometric matrix from the

standard Lotka-Volterra Petri Net description. There are 10 such blocks along
the main diagonal. The region after the block diagonal matrix consists of all the
migrational connections between each site. The two species at each site corre(i)
spond to two rows in each U
. Thus for a bidirectional migrational reaction for
a prey between sites i and j, the block
block



−1 1
0 0



will allign with

U (j) .



1
0

−1
0



will allign with

U (i)

and

0 0
−1 1



alligned with

the

Similarly, the predator's bidirectional mi-

grational reaction between sites i and j give the blocks



U (i) and

U (j) .



0 0
1 −1



alligned with

The migrational reaction rate functions

are constructed in the conventional way using the Law of Mass Action. Now we
R2 overlaid with all 10

may examine some numerical results. Typical graphs in

sites are unclear; heatmap-style images lend themselves better to understanding
spatial distribution of population densities over time.














.
.

.

0 0 
−1 1
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Initial conditions:

X 0 = 100, Y0 = 100,α = 1.2, β = 0.005, γ = 0.8, δ = 0.005,

c1 = 1, c2 = 0.005, c3 = 0.6,

all reaction rates set to 0.001
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Results and Concluding Remarks
The stochastic simulation produces a spatially assymetric periodic density pattern whereas the deterministic system evolves according to a uniform periodic
pattern. That is, the unpredictability of the stochastic process carries over to
the spatial component of the model as expected.

Additionally, whereas be-

fore the stochastic simulations produced comparable amplitudes over time, the
spatial interaction compounds their erratic nature.

On the other hand, the

deterministic system's amplitudes over time decrease predictably and form a
uniform wave of arrival times across the sites. Qualitatively, the arrival time
of a species in the stochastic system is more dicult to discern than that of the
deterministic system. Also, the Exact SSA's superior accuracy to the Chemical
Langevin Equation becomes readily apparent in the multi-site spatial simulation and redoubles the need for an accurate SDE approximation to the Gillespie
Method.
The natural motivation for this expansion of the Lotka-Volterra Model may
be seen in archipelagos or other interacting ecological systems. Our ability to
describe concrete situations is somewhat limited by the scope of the paper.
For example, the parameter choices used in the simulations in this paper are
based on experimentation and convention by researchers in the eld, not on
ecological eld observations. With the appropriate theoretical and eld background, one might develop observations leading to a more realistic simulation
of natural systems, especially in choosing better-suited reaction rate functions
than those given by the Law of Mass Action. Several nontrivial open problems
were touched upon in this paper such as the formalization of the extinction
probabilities at a given site in stochastic Lotka-Volterra Model with Migration.
More generally, a concise equation describing the spatial evolution of the Migrational Lotka-Volterra Model in time does not exist. Few digraphical space-time
stochastic dierential equations may be found in general although many algorithmic approaches have come from chemical kinetics. Additionally, an active
area of stochastic research focuses on improving approximations of the Exact
SSA (and the Chemical Master Equation) by highly accurate stochastic dierential equations.

With the appropriate tools and visualization methods, it is

possible that many intractable situations may become understandable through
a correctly formulated model.
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