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ABSTRACT

We consider supervised learning problems over training sets in which
both the number of training examples and the dimension of the feature
vectors are large. We focus on the case where the loss function defining the quality of the parameter we wish to estimate may be non-convex,
but also has a convex regularization. We propose a Doubly Stochastic
Successive Convex approximation scheme (DSSC) able to handle nonconvex regularized expected risk minimization. The method operates by
decomposing the decision variable into blocks and operating on random
subsets of blocks at each step. The algorithm belongs to the family of successive convex approximation methods since we replace the original nonconvex stochastic objective by a strongly convex sample surrogate function, and solve the resulting convex program, for each randomly selected
block in parallel. The method operates on subsets of features (block coordinate methods) and training examples (stochastic approximation) at
each step. In contrast to many stochastic convex methods whose almost
sure behavior is not guaranteed in non-convex settings, DSSC attains almost sure convergence to a stationary solution of the problem. Numerical
experiments on a non-convex variant of a lasso regression problem show
that DSSC performs favorably in this setting.
Index Terms— Non-convex optimization, stochastic methods, largescale optimization, parallel optimization, lasso
1. INTRODUCTION
Statistical parameter estimation in the case of large datasets is often formulated as an optimization problem with a stochastic objective [1]. Define the parameter vector we wish to estimate as x ∈ X ⊂ Rp and the
random variable θ ∈ Rq defining training examples of a dataset as inputs to the random function f (x, θ). Further define the average function
F (x) := E [f (x, θ)] as the expectation of the random functions f (x, θ).
We focus on minimizing the global objective V (x) := F (x) + G(x)
which is the sum of the non-convex smooth average function F (x) =
E [f (x, θ)] and the non-smooth convex function G(x),
min V (x) := min F (x) + G(x).

x∈X

x∈X

(1)

Since p is assumed to be large, we decompose the parameter vector into
blocks x = [x1 ; · · · ; xB ] with xi ∈ Xi ⊂ Rpi where pi << p, and
assume that the aggregate data domain admits the Cartesian structure
X = X1 × · · · × XB . We consider the case where the function G(x)
P
decomposes along the block variables G(x) = B
i=1 gi (xi ), where xi
is the i-th block of the vector x. Problems of this form arise in regression
and classification, with statistical models trained on nonlinear transformations of the feature space that appears in, e.g., compressive sensing
approaches to texture identification [2, 3] facial recognition [4, 5], and
neural networks [6].
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To solve Problem (1) there are four main challenges to deal with,
namely: (a) the non-convexity of the objective F (x); (b) the dependence of F (x) on the expectation E [f (x, θ)] which either does not have
a closed form or is not computationally affordable; (c) the presence of
the nonsmooth function G(x); and (d) the large dimension of the feature
space p. Current works cannot address all the above challenges.
In particular, to deal with the nonconvexity of F (x) (Issue (a)) while
converging to stationary solutions an effective approach is leveraging
Successive Convex Approximation techniques (SCA) [7, 8]: the original
nonconvex problem is replaced by a sequence of convexified ones. This
approach, which we adopt here, is also well-suited to handle the presence of the non-smooth terms in the objective function (Issue (c)). Additionally, to iteratively solve (1), one must evaluate the gradient of F (x)
which in practice is not available (Issue (b)). Stochastic approximation
methods operate using a subset of the data to approximate, at each iteration, the gradient of F [9]. First-order methods [9,10], and quasi-Newton
schemes [11–14] use stochastic gradients in lieu of true gradients. Combining the benefits of both approaches, in this paper, we propose using
a stochastic (i.e., sample) convex surrogate of the nonconvex objective
F (x). Furthermore, we consider the case where the number of features
p is large (Issue (d)). Existing SCA schemes, including those developed
for stochastic objectives, require solving a p-dimensional optimization
problem at each iteration. Block coordinate methods have been proposed
to solve optimization problems when the number of realizations of θ is
small and p is large by updating only a subset of coordinates of x at each
step [15–17]. Parallelized versions of block coordinate descent have been
developed which motivate our coordinate selection scheme [7, 8, 18–20].
In this paper, we propose a novel Doubly Stochastic Successive Convex approximation scheme (DSSC) able to handle all the mentioned issues (Section 2). The proposed DSSC method uses stochastic approximation of the function F – to resolve issue (b) – for a successive convex
approximation of the global cost V – to resolve issues (a) and (c). Moreover, DSSC only operates on a subset of coordinates at each iteration – to
resolve issue (d) – which simplifies its parallel implementation. This is
the first effort to solve the non-convex problem in (1) in a doubly stochastic manner by using stochastic approximation of functions and updating
a random subset of coordinates, which is guaranteed to converge almost
surely to a stationary point of the problem (Section 3). Moreover, we apply DSSC to a non-convex variant of a lasso regression problem (Section
4). Finally, we close the paper by concluding remarks (Section 5). Proofs
of results in this paper are available in [21].
2. ALGORITHM DEVELOPMENT
One of the most popular applications of the problem in (1) is the nonconvex empirical risk minimization problem. In particular consider the
training set TN which contains N samples points and the loss function
associate to each sample is a non-convex function fi : X → R. The
goal of empirical risk minimization (ERM) is to minimize the regularized
average loss which is defined as
min

x∈X

N
1 X
fi (x) + G(x),
N i=1

(2)

where G(x) is a convex regularizer added to avoid overfitting. Note that
the ERM problem in (2) is an instance of Problem (1) when the random variable θ = θ ∈ R is chosen uniformly at random from the set
{1, 2, . . . , N } and the random function f (x, θ) is defined as f (x, θ) =
f (x, θ) = fθ . In this paper, we are interested in developing algorithms
that use a subset of N samples (training points)–use stochastic approximation of the function F –and a subset of p coordinates at each iteration.
Moreover, we aim to design parallel algorithms.
The proposed algorithm operates by fixing a collection of I parallel
processors, with I ≤ B. We assume that I blocks are chosen uniformly at
random from the total B blocks. Consider i ∈ {1, . . . , B} as the index of
the block assigned to one of the I processors, i.e., each processor updates
one block. Further define a training subset Θti corresponding to block
i at time t consisting of L instantaneous functions. Θti may be thought
of as random subsets of rows of the training data matrix. The aggregate
set of selected blocks at time t is denoted by I t ⊂ {1, . . . , B}, with
|I t | = I. These selections are then used to define the block-wise minibatch stochastic gradient of F (x) with respect to block xi ∈ Rpi as
1 X
∇xi f (x, Θti ) =
∇xi f (x, θ).
L
t

2.1. Doubly Stochastic Successive Convex approximation method
Since the computation of the average function F (x) or its gradients
∇F (x) is prohibitively costly, we instead devise an algorithm that uses
stochastic approximation of the F (x) combined with successive convex
approximations. Moreover, to reduce the computation time of the algorithm, we are interested in schemes that, at each iteration, update only a
subset of coordinates (blocks) of the decision variable x. We introduce
next DSSC as a doubly stochastic method for non-convex composite
optimization that meets all these requirements.
To do so, define the mini-batch sample surrogate function as
1 X ˜
f˜i (xi ; xt , Θti ) =
fi (xi ; xt , θ).
L
t

for a given a set of realizations Θti . Further define the mini-batch surrogate function gradient associated with the set Θti :
∇f˜i (xi ; xt , Θti ) =

Note that our construction departs from [22]: rather than use the blockwise stochastic gradient in (3) to develop an algorithm based on only the
linearization of the instantaneous objective, we propose a scheme which
replaces the instantaneous non-convex objective with a convex surrogate.
The benefit of this approach is incorporating the additional non-smooth
convex term gi (xi ) associated to block xi in (1), yielding a scheme which
includes parallel proximal stochastic gradient as a special case. The use
of proximal regularization in optimization arises from compressive approaches to, e.g., image processing [5, 23].
To design a scheme based on successive convex approximation, we
consider use of instantaneous convex surrogate functions for the original functions at each step. Thus, let x−i denote the sub-vector obtained
from x by deleting xi . To derive the update for the block variable xi
corresponding tothe i-th block, at
 iteration t, consider the objective with
xi fixed, i.e., E f (xi , xt−i , θ t ) + g(xi , xt−i ). In our proposed SCA
scheme, we replace the non-convex function f (xi , xt−i , θ t ), the stochastic approximation of the aforementioned objective, by a proper local convex function f˜i (xi ; xt , θ t ), which we call the surrogate function corresponding to block i. We define f˜i as a proper surrogate function if it
satisfies the following conditions [8].
Assumption 1. Consider x−i as the concatenation of all coordinates of
x other than those of block i. The surrogate function f˜i (xi ; x, θ) associated with the i-th block of the vector x, i.e., xi , satisfies the following:
(a) f˜i (xi ; x, θ) is differentiable and convex with respect to xi for all x
and θ.
(b) ∇xi f˜i (xi ; x, θ) is equal to the gradient ∇xi f (x, θ) for all x and θ.
(c) ∇xi f˜i (xi ; x, θ) is Lipschitz continuous on X with constant Γ.
The conditions in Assumption 1 for the surrogate functions are mild
and there exists a large range of functions satisfying Assumption 1. The
most popular choice for the surrogate function f˜i (xi ; x, θ) is
τi
f˜i (xi ; xt , θ t ) = f (xt , θ t ) + ∇xi f (xt , θ t )T (xi − xti ) + kxi − xti k2 ,
2
(4)
where τi > 0. It is easy to show that the surrogate function in (4) satisfies the conditions in Assumption 1 and is strongly convex with constant
τi . This selection may be used to derive a variant of proximal stochastic
gradient methods, but a wide array of alternative choices exist [8, 10].

1 X
∇f˜i (xi ; xt , θ).
L
t

(6)

θ∈Θi

(3)

θ∈Θi

(5)

θ∈Θi

The index i for the set of realizations Θti shows that we use distinct sample points to approximate functions for each block, so each processor
operates on a distinct data subset in parallel.
The update for coordinate i of the DSSC is based on two steps. First,
we convexify the non-convex stochastic composite problem (1) by introducing the strongly convex surrogate f˜i , and solve the strongly convex
sample problem, stated as

)T (xi − xti )
x̂t+1
=
argmin
ρt f˜i (xi ; xt , Θti ) + (1 − ρt )(dt−1
i
i
xi ∈Xi


τi
t 2
+ gi (xi ) + kxi − xi k ,
2

(7)

where τi is a positive constant. First, note that proximity term (τi /2)kxi −
xti k2 makes the loss in (7) strongly convex, so problem (7) has a unique
solution, denoted by x̂t+1
is unique. The linear term dti in (7) is a time
i
average of stochastic gradients associated to block i, updated as [10]
dti = (1 − ρt )dt−1
+ ρt ∇xi f˜i (xti ; xt , Θti ) ,
i

(8)

and ρt is a sequence of positive scalars (to be properly chosen). Observe
that the update in (7) is similar to a block-wise proximal stochastic gradient step [24], with two key differences: the recursively averaged stochastic gradient dt−1
takes place of the stochastic gradient, and the surrogate
i
function f˜i is used in lieu of the most recent stochastic gradient. These
augmentations of the proximal step allow us to guarantee almost sure convergence in non-convex settings, a property that often eludes first-order
stochastic methods (Section 3). The update in (8) shows that instead of
approximating the gradient of the function F with its stochastic approximation gradient ∇xi f (xt , Θti ), which is equivalent to the surrogate function gradient ∇xi f˜i (xti ; xt , Θti ), we use a heavy-ball type average of the
observed stochastic gradients for the i-th block. It can be shown that the
sequence dti approaches the exact gradient ∇xi F (xt ) [10, 25].
The second step in the update of DSSC is computing xt+1
as a
i
weighted average of the previous iterate xti and the solution x̂t+1
of (7):
i
xt+1
= (1 − γ t+1 )xti + γ t+1 x̂t+1
.
i
i
t

(9)

The parameter γ in (9) is an attenuating step-size, to be properly chosen.
Equations (7) and (9) define the updates of a single block xt+1
. In
i
DSSC we allow for simultaneous parallel updates of different block coordinates of x, which are selected uniformly at random. Note that this
scheme is different from cyclic scheme in [15] that allows for one block
update per iteration or the greedy rule in [8], but instead resembles the
random coordinate method in [22]

Algorithm 1 DSSC at processor operating on block i
t

t

1: Require: sequences γ and ρ .
2: for t = 0, 1, 2 . . . do
3:
Read the variable xt
4:
Receive the randomly chosen block i ∈ {1, . . . , B}
5:
Choose training subset Θti for block xi
6:
Compute surrogate function f˜i (xi ; xt , Θti ) [cf. (5)]
7:
Compute variable x̂t+1
as the solution of (7)
i
8:
Compute surrogate gradient ∇f˜i (xti ; xt , Θti ) [ cf. (6)]
9:
Update the average gradient dti associated with block i [cf. (8)]
10:
Compute the updated variable xt+1
[cf. (9)]
i
11: end for

The overall DSSC algorithm is summarized in Algorithm 1. The core
steps are Step 7, 9, and 10. In Step 7, the processor that operates on i-th
block computes the auxiliary variable x̂t+1
by solving the minimization
i
in (7), e.g., a block-wise proximal gradient step or Quasi-Newton step
with a recursively averaged descent direction. To do this, the processor
needs to access to vector xt (Step 3), the block that it should work on
(Step 4), and a training subset Θti (Step 5) to compute its corresponding
surrogate function f˜i (xi ; xt−i , Θti ) (Step 6). In Step 9, the processor
updates the stochastic average gradient dti associated to the block i using
the surrogate gradient ∇f˜i (xi ; xt−i , Θti ) which is evaluated in Step 8.
Finally, the variable xt+1
is computed in Step 10 using the weighted
i
average of the previous iterate xti and the auxiliary variable x̂t+1
.
i
3. CONVERGENCE ANALYSIS
In this section we establish that the sequence of iterates defined by Algorithm 1 converges almost surely to a stationary solution of (1). To
establish this result, first recall the definition of the set I t ⊂ {1, . . . , B}
as aggregate set of selected blocks at time t with |I t | = I. Further, define S t ⊂ X as the set containing the blocks that are updated at step
t. Note that components of the set S t are chosen uniformly at random from the set of blocks {x1 , . . . , xB }. Since the number of updated
blocks is equal to the number of processors, the ratio of updated blocks
is r := |I t |/B = I/B. The following conditions are required.
Assumption 2. The sets Xi are convex and compact.
Assumption 3. Let F t be the sigma-algebra generated by (xt , θ t ) up to
iteration t. The instantaneous gradients ∇xi f (xt , θ t ) satisfy the condition


E k∇xi f (xt , θ t ) − ∇xi F (xt )k2 | F t < ∞.
(10)
t

t

Assumption 4. The sequences γ and ρ are chosen such that
P∞ t
P∞
t 2
(i) limt→∞ γ t = 0,
t=0 γ = ∞,
t=0 (γ ) < ∞,
P∞ t
P∞
t
t 2
(ii) limt→∞ ρ = 0,
t=0 ρ = ∞,
t=0 (ρ ) < ∞,
(iii) limt→∞ γ t /ρt = 0.
Assumption 2 is customary in non-convex optimization and guarantees bounded iterates of the algorithm. Note that the instantaneous grat
dients ∇xi f (xt , θ t ) is an unbiased estimator ofthe gradient ∇xi F (x
 ),
t
t
t
given the information available until t, i.e., E ∇xi f (x , θ ) | F =
∇xi F (xt ). Thus, Assumption 3 ensures the variance of the estimator is
bounded. The first two conditions in Assumption 4 are required to show
that the noise of stochastic approximation is asymptotically null. The
last condition in Assumption 4 is required to show that the sequence of
stochastic average gradients dti converges to ∇xi F (xt ) almost surely.
We turn to analyzing the sequence of iterates generated by (7) - (9)
and show that the algorithm converges to a stationary solution of (1).
To do so, we first present two lemmas which establish decrement-like
properties on the data-dependent term F (x) and the complexity-reducing
penalty G(x). The following lemma concerns the former risk term F (x).

Lemma 1. Consider the sequence {xt } generated by (7) - (9) with nonnegative scalar parameters ρt , γ t > 0. Further, define τ = maxi τi . If
the condition in Assumptions 1 and 2 are satisfied, the following decrement property holds for the expected risk F (x) defined by (1)
X
)
gi (xti ) − gi (x̂t+1
F (xt+1 ) ≤ F (xt ) + γ t+1
i
i∈S t

− γ t+1
+ γ t+1


Γγ t+1
τ
−
− ρt Γ kx̂t+1 − xt k2S t
2
2
T
t
∇F (x ) − dt S t (x̂t+1 − xt )S t .



(11)

Note that in this section we use the notation (a)S t as the concatenation of the blocks a that belong to the set S t . The result in Lemma 1
captures the decrement in terms of the function F (x). In the following
lemma, we turn our attention to the non-smooth convex term G(x) in (1).
Lemma 2. Consider the sequence {xt } generated by (7) - (9) with averaging rate ρt > 0 and algorithm step-size γ t > 0. If the condition in
Assumptions 1 and 2 are satisfied, we obtain
X
G(xt+1 ) ≤ G(xt ) + γ t+1
gi (x̂t+1
) − gi (xti ).
(12)
i
i∈S t

The result in Lemma 2 shows an upper bound for the decrement
G(xt+1 ) − G(xt ). Subsequently, we use the results in Lemmas 1-2 to
prove an upper bound for the expected decrement of the function V .
Lemma 3. Consider the sequence {xt } generated by (7) - (9) with nonnegative scalar parameters ρt , γ t > 0. If the condition in Assumptions 1
and 2 are satisfied, for all steps t we have




τ
Γγ t+1
E V (xt+1 ) | F t ≤ V (xt ) − rγ t+1
−
− ρt Γ kx̂t+1 −xt k2
2
2
t+1
t
t T
+ rγ
∇F (x ) − d
(x̂t+1 − xt ),
(13)
where F t is the filtration measuring the random variables up to step t and
the expectation is taken with respect to the randomized block selection S t .
 The result in Lemma 3 provides an upper bound for the decrement
E V (xt+1 ) | F t − V (xt ). We use the result in (13) along with boundedness of the funciton V over the set X to show that the limit infimum of
the sequence kx̂t+1 −xt k almost surely converges to zero. Moreover, we
show that every limit point of the sequence xt is a stationary point of (1).
These intermediate steps are used in the proof of the following theorem.
Theorem 1. Consider the sequence {xt } generated by (7) - (9). If the
conditions in Assumptions 1-4 are satisfied, then for every limit point
of the sequence {xt } generated by the DSSC algorithm, there exists a
subsequence that converges to a stationary point of (1) almost surely.
Theorem 1 establishes that a subsequence of the iterates defined by
(7)-(9) converge to a stationary solution of (1). This is one of the first convergence guarantees for a method which alleviates the bottleneck in the
feature dimension p and sample size N simultaneously for non-convex
composite optimization problems. Moreover, almost sure convergence of
stochastic methods in non-convex settings often remains elusive, and has
been consistently, clandestinely avoided.
4. NUMERICAL ANALYSIS
In this section, we study the performance of the doubly stochastic successive convex approximation methods developed in Section 2. We consider
a perturbed linear regression problem defined by an indefinite observation
matrix with an `1 regularization, which is a simple non-convex problem.
The setting is the following: observations zn ∈ Rq are collected as noisy
linear transformations zn = Hn x + wn of an unknown signal x ∈ Rp ,
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Fig. 1: DSSC applied to a large-scale non-convex lasso problem defined by an indefinite observation matrix. We observe that DSSC converges faster
in objective evaluation V (xt ) versus the number of features processed (Fig. 1a) and clock time (Fig. 1b). Moreover, the method demonstrates the
benefits of parallel processing: when the number of processors I is increased, we obtain accelerated convergence (Fig. 1c).
and w ∼ N (0, σ 2 Iq ) is a Gaussian random variable. For a finite set
of samples N , a locally optimal estimator x∗ is the λ-regularized least
squares estimate
N
1 X
minp
kHn x − zn k2 − ckxk2 + λkxk1 .
(14)
x∈R N
n=1
where the `1 regularization is introduced to sparsify the regressor, and
admits a block decomposition. (14) is non-convex due to the presence of
the term −ckxk2 , provided c > λmax (HT H). (14) is a special case of
PN
2
2
(1): F (x) = N1
n=1 kHn x − zn k − ckxk and G(x) = λkxk1 .
We run the DSSC method on lasso problem instances where q = 1,
p = 1024, and N = 104 samples are given. The observation matrices Hn ∈ Rq×p , when stacked over all n (an N × p matrix), are generated from a matrix normal distribution whose mean is a tri-diagonal
matrix. The main diagonal is selected uniformly at random from the
fractions ±{1, . . . , p}/p, while the super and sub-diagonals are all set
to −1/2. Observe that this results in Hn being indefinite. Moreover,
we set c = λmax (HT H) + 2 , so that (14) is non-convex. Moreover,
the true signal has entries chosen uniformly at random from the fractions
x ∈ {1, . . . , p}/p. Additionally, the noise variance perturbing the observations is set to σ 2 = 10−2 . Initially, we fix the number of processors
I = 16 is fixed and each processor is in charge of 1 block, and the number
of blocks is B = 64.
We select the instantaneous convex surrogate for the first term in (14)
to be the linearization of the instantaneous non-convex function kHn x −
zn k2 −ckxk2 around the current block, while omitting the intercept term,
i.e. f˜i (xi ; xt−i , θ t ) = (xi − xti )T ∇xi fi (xt ; θ t ), which results in a
parallelized stochastic proximal conditional gradient scheme [26], with
a random subset of decision variable coordinates updated at each step.
We compare the algorithm proposed in Section 2 for solving non-convex
lasso problems to two alternatives: (1) a randomized alternating proximal
gradient scheme [27] that uses all samples (mini-batch size L = N ) to
update a random single block with a deterministic gradient at each step
(Randomized Block Gradient); and (2) a parallelized stochastic implementation of FISTA [28], i.e., one in which all blocks are updated at each
step using stochastic gradients.
These methods process a different amount of information per iteration index t, and thus to obtain a fair comparison, we consider the number
of coordinates of the decision variable (features) processed. This may be
calculated as p̃t = prtL, where r = I/B is the proportion of x updated
at each step, p is the length of x, L is the size of the mini-batch, and t is
the iteration index. Also considered here due to its unbiased capability to
measure algorithm performance is clock time in seconds.
We consider the performance of DSSC when using a diminishing
step-size ρt = 5t−1/5000 and momentum parameter γ t = 2t−1/1000 .
These selections are also used in Stochastic FISTA and Randomized
Block Gradient. Further, we set τi = 2 for all i, λ = .1, and for

DSSC/FISTA we use mini-batch size L = 10. The results of this numerical comparison are given in Figure 1. In particular, we respectively plot
the objective V (xt ) defined by (14) versus feature p̃t (Fig. 1a) and clock
time (Fig. 1b). Observe that large objective values are a consequence
of the ill-conditioning of the problem. Nonetheless, we observe that
DSSC converges to stationarity at the fastest rate in terms of features
processed as well as clock time. Specifically, to reach approximate stationarity, DSSC requires p̃t = 1658 features (2 seconds) whereas FISTA
requires p̃t > 6000 features (2.5 seconds) to reach stationarity. We find
deterministic Randomized Block Gradient is not comparable.
We now consider the case where the number of blocks is fixed B =
64, but the number of processors I varies. The goal of this numerical
experiment is to study the benefits of parallel processing (which is equivalent to studying the benefits of updating random subset of blocks at each
step rather than all blocks). We maintain the same aforementioned parameter selections (step-size, mini-batch size, regularization). Results are
presented in Figure 1c, where we plot the objective (14) versus the number of features processed p̃t . We observe that increasing the number of
processors, or updating fewer blocks per step, yields faster convergence
in terms of p̃t . That is, for the benchmark V (xt ) ≤ 360, we require
p̃t = 813, p̃t = 1592, p̃t = 3160, and p̃t = 6380, respectively, for
I = 128, I = 64, I = 32, and I = 16 processors. The accelerated
convergence of stochastic methods which use less information per step
has been empirically observed for parallel Quasi-Newton schemes previously in [29], and comes from the advantages of Gauss-Seidel style block
selection schemes in block coordinate methods as compared with Jacobi
schemes. Specifically, we note that for certain problems settings, cyclic
block updates converge twice as fast as parallel schemes. We interpret
DSSC with more processors as comparable to Gauss-Seidel style updates,
whereas stochastic FISTA is a Jacobi scheme. We note that the magnitude of this gain is dependent on the condition number of the Hessian of
the expected objective F (x), and the difficulty of computing proximal
operators associated with G(x).
5. CONCLUSIONS
We proposed the first effort towards solving non-convex regularized expected risk minimization associated with training sets whose sample size
and feature dimension are large. We adopted an approach that synthesizes the benefits of successive convex approximation, stochastic approximation, and block coordinate methods. In particular, we decompose the
decision variables into blocks, replace the non-convex average objective
with a strongly convex block-wise sample surrogate function that we minimize at each step. We established almost sure convergence in infimum
to stationary solutions of the original nonconvex stochastic minimization.
Moreover, we demonstrated favorable numerical properties on (nonconvex) a lasso problem with an indefinite observation matrix.
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