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Abstract— We consider the problem of stochastic optimiza-
tion with nonlinear constraints, where the decision variable
is not vector-valued but instead a function belonging to a
reproducing Kernel Hilbert Space (RKHS). Currently, there
exist solutions to only special cases of this problem. To solve
this constrained problem with kernels, we first generalize
the Representer Theorem to a class of saddle-point prob-
lems defined over RKHS. Furthermore, we develop a primal-
dual method which executes alternating projected primal/dual
stochastic descent/ascent on the dual-augmented Lagrangian of
this problem. The primal projection sets are low-dimensional
subspaces of the ambient function space which are greedily
constructed using matching pursuit. By tuning the projection-
induced error to the algorithm step-size, we are able to establish
mean convergence both in primal objective sub-optimality and
constraint violation, respectively to the O(

√
T ) and O(T 3/4)

neighborhoods, where T is the total number of iterations. We
evaluate the proposed method through numerical tests for the
application of risk-aware supervised learning.

I. INTRODUCTION

In this work, we seek to solve nonlinearly constrained
stochastic optimization problems, where the decision variable
is a function rather than a parameter vector. Typically, the
stochastic problem nature results in objective function as an
expectation over some unknown data distribution. Moreover,
the constraint is problem-setting dependent, though often-
times it relates to the unknown data distribution. This situa-
tion could arise in several applications such as motion plan-
ning with obstacle avoidance [2], wireless communications
with quality-of-service (QoS) guarantees [3], or nonlinear
filtering with built-in outlier rejection capability [4].

The theory of function-valued constrained optimization
dates back to calculus of variations [5] and Hamilton’s Prin-
ciple [6]. Nonetheless, engineered systems motivate more
generic situations than those arising from physical laws.
Meanwhile, variational inference methods have been devel-
oped to handle functional stochastic problems in statistical
inference, especially hyper-parameter search [7]. Yet, unless
special distributional structure is present, they typically do
not admit efficient iterative solutions and require solving an
intractable integral equation.

To tackle this intractability issue, one shall not only restrict
the function of interest to yield a computationally tractable
formulation, but also allow it to be rich enough for realistic
scenarios. For instance, in learning theory and controls, we
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could restrict the function to take the form of a polynomial
function [8], a Gaussian process [9], a neural network [10], or
a nonparametric basis expansion in terms of data [11]. Moti-
vated by the generalizability of the latter, we adopt the non-
parametric approach based on the reproducing Kernel Hilbert
Space (RKHS) This is motivated by a recent result that
allows for memory-efficient parameterization for its infinite-
dimensional function solution [12]. This approach subsumes
polynomial interpolation [8], and provides a methodology
that circumvents the memory explosion associated with large
sample-size Gaussian process regression [13]. Moreover, it
can preserve convexity, thus avoiding getting stuck at poor
stationary points as in neural network training [14].

Our goal is to extend the kernelized functional stochastic
programming approach of [12] to settings with nonlinear
constraints. Preliminary efforts to address this problem in-
clude [15], [16] based on proximal projections or penalty
methods. Unfortunately, their applicability is limited to spe-
cialized constraints that exclude obstacle avoidance [17],
wireless QoS guarantees [3], or risk measures such as
conditional value-at-risk (CVaR) [18] that may be crucial
for addressing bias-variance issues in statistical learning.
The main challenge in handling general nonlinear constraints
in RKHS optimization is that the Representer Theorem
[19], a key result for transforming unconstrained functional
problems to the parametric form, does not apply directly.
Thus, we develop an augmented Lagrangian relaxation of the
constrained problem, and generalize the Representer Theo-
rem for the resultant minmax problem. This generalization
requires the constraints to be of certain structure that is
reasonable in practice.

Furthermore, we develop a stochastic saddle-point algo-
rithm which operates by executing alternating projected pri-
mal/dual stochastic gradient descent/ascent on the augmented
Lagrangian. Owing to the recursive kernel addition to include
new data points, the parameterization of the function iterate
grows linearly with time. To address this issue, we project
the primal function iterate onto low-dimensional subspaces
which are greedily constructed using matching pursuit [20].
By tuning the projection-induced error to the algorithm step-
size as in [12], we establish the mean convergence to a
O(
√
T ) neighborhood of the objective sub-optimality and

O(T 3/4) constraint violation by choosing a constant step-
size at 1/

√
T and approximation budget at 1/T . These

results are akin to those for primal-dual method for vector-
valued stochastic programming with nonlinear constraints
[21]. Our proposed algorithm is applied to develop for
the first time an online risk-aware supervised learning with



conditional value-at-risk constraints. Proofs are given in [1].
The rest of the paper is organized as follows. Section II

formulates the constrained stochastic optimization problem
in RKHS and generalizes the Representer Theorem to a class
of saddle-point problems. The projected stochastic primal-
dual method is presented in Section III and analyzed in
Section IV. We evaluate the proposed algorithm numerically
in Section V, with the paper wrapped up in Section VI.

II. CONSTRAINED LEARNING WITH KERNELS

We consider the problem of constrained stochastic opti-
mization in the reproducing kernel Hilbert spaces (RKHSs).
Specifically, the objective is to minimize the average of a
loss function given by ` : H×X ×Y → R, regularized by a
complexity-reducing penalty term λ/2‖f‖2H for some λ > 0.
Note that H represents a Hilbert space, and the sets X ∈ Rp
and Y ∈ Rd for some p, d > 0. The standard interpretation
of random pairs (x,y) is that x encodes feature vectors and
y represents target variables, which follow some unknown
joint distribution over X ×Y .The Hilbert space H here is a
space of functions, f : X → Y , that admit a representation
in terms of elements of X when H has a special structure.
In particular, we consider the RKHS, where H is equipped
with a kernel function κ : X × X → R such that:

(i) 〈f, κ(x, ·)〉H = f(x) for all x ∈ X , (1)

(ii) H = span{κ(x, ·)} for all x ∈ X .

where 〈·, ·〉H denotes the Hilbert inner product for H. We
further assume that the kernel is positive semidefinite; i.e.,
κ(x,x′) ≥ 0 for all x,x′ ∈ X . Throughout, we assume the
loss function ` is convex with respect to (w.r.t.) f(x).

Motivated by several practical applications, we further
consider some hard nonlinear constraints on function f .
Denoting these constraints by G = (G1, · · · , Gm)> with
each Gj : H → R being a convex functional of f , the
stochastic optimization problem can be formulated as

f∗ = argmin
f∈H

Ex,y[`(f(x),y)] +
λ

2
‖f‖2H (2)

s.t. G(f) ≤ 0

where f∗ denotes its optimum solution. Thanks to the strong
convexity guaranteed by the regularization term for given
positive λ, the solution f∗ is unique.

The constrained stochastic optimization problem in (2),
with kernels, finds practical applications in many real-time
learning and decision-making problems. Two such motivat-
ing examples are presented next.

Example 1. (Risk-aware supervised learning using CVaR):
Consider the problem of supervised learning, for example,
classification or regression, where a statistical model that
maps data points to decisions is usually estimated through
empirical risk minimization (ERM) [22]. In particular, an
empirical approximation of the objective in (2), which
quantifies the bias of the learning model, is minimized.
However, a desired model f should be able to mitigate not
only the bias, but also the error variance. One approach

to strike this bias-variance balance is to account for the
dispersion of an estimate in the problem formulation [22].
Most of the existing works consider the dispersion as an
extra term included by the objective function, in the form
of coherent risk, an example of which is the conditional
value-at-risk (CVaR) [23]. This can be viewed as a penalty-
based method to reduce the dispersion of the loss function.
Instead, one could directly restrict the dispersion by imposing
hard constraints on the CVaR. Toward this end, the function
G : H → R can be expressed as

G(f) = CVaRα(f)− γ

= min
z∈R

{
z +

1

1− α
Ex,y

{
[`(f(x),y)− z]+

}}
− γ (3)

where CVaRα denotes the α-CVaR as in [18], and γ > 0
is the tolerance level that CVaR should not exceed. Here,
the value α denotes the significance level which is typically
chosen between 0.9 and 0.95. It follows from [18, Prop. 5]
that the CVaR operator preserves convexity, and thus G(f) ≤
0 is an instance of the constraint in (2).

Example 2. (Chance-constrained motion planning): Con-
sider the problem of motion planning in RKHS, where the
objective is to find the optimal trajectory for the controlled
object like robots that are both smooth and collision-free; see
e.g., [2]. Specifically, a trajectory f : [0, 1] → C ⊆ RD is a
mapping from time t to the object coordinate f(t) ∈ RD
for some D = 2 or 3. Instead of observing the entire
trajectory in continuous time, one may only access discrete-
time samples {ti} drawn randomly from [0, 1].The goal here
is to minimize some cost functional U : H → R, which
is usually convex, that quantifies proximity of the trajectory
f ∈ H to a reference one. Thus, the optimization objective
can be written as

f∗ = argmin
f∈H

Et[U(f)] +
λ

2
‖f‖2H, (4)

where Et is the expectation over samples of the time t.
Moreover, we may want to impose the hard constraint on
the probability that the object will stay in a certain safe
area along the entire trajectory. To this end, let g(f(t)) > 0
represent the shape of the safe area in RD, and one can aim
to upper bound the probability P(g(f(t)) > 0) ≤ γ for a
given threshold γ > 0. Note that the probability measure
follows from the randomness of t. Nonetheless, the feasible
set of a chance constraint is generally non-convex except
for a few special cases. To convexify the constraint, one
approach is to approximate the probabilistic constraint using
a more conservative constraint based on expectations [24].
Specifically, the potential surrogate is given by

inf
λ>0

[
Ψ(f, λ)− λγ

]
≤ 0, (5)

where Ψ(f, λ) = λEt[φ(λ−1g(f(t)))] with φ(·) being the
generating function. It is proven in [24] that (5) forms a
convex set, and thus is an instance of the constraint in (2).

Other applications include beamforming in communica-
tion systems under robustness constraints [25] and wireless



network utility maximization with QoS constraints [3]. To
develop an algorithmic solution to (2), first there are tech-
nicalities regarding extending the Representer Theorem [19]
to constrained problems that must be addressed, which are
done in the following subsection.

A. Representer Theorem for Constrained Optimization
We turn to developing a Representer Theorem for non-

linearly constrained problems. We will see that for the
Representer Theorem to be applicable, restrictions must be
imposed on the structure of the constraint function G(f) in
(2). To address the constraint in (2), we resort to the Lagrange
duality theory. First, for simplicity, let

L(f) = Ex,y[`(f(x),y)], and R(f) = L(f) +
λ

2
‖f‖2H.

Upon defining these quantities, the Lagrangian for problem
(2) takes the form

Lo(f,µ) = L(f) + µ>G(f) +
λ

2
‖f‖2H, (6)

where µ = (µ1 · · · , µm)> with each µj ∈ R+ being
the nonnegative Lagrange multiplier associated with Gj .
With the regularization term, the Lagrangian is also strongly
convex in f . Assuming that Slater’s condition [26] holds in
this paper, we have strong duality. Thus, the solution f∗ to
(2) is equivalent to the primal-dual pair (f∗,µ∗) that solves
the following saddle-point problem

(f∗,µ∗) = arg max
µ∈Rm

+

min
f∈H

Lo(f,µ) (7)

where Rm+ = {µ : µ ∈ Rm, µj ≥ 0,∀j ∈ 1, · · · ,m}.
In stochastic optimization, however, the expectation over

the random pair (x,y) in L(f) is not easily available.
Instead, it is possible to evaluate the empirical estimate of
L(f) using a training set S = {(x1,y1), · · · , (xT ,yT )} with
T data samples. The solution to the unconstrained empirical
objective is characterized by the well-known Representer
Theorem; see e.g., [27], [19]. Specifically, the optimal f(x)
in H can be written as an expansion of kernel evaluations
only at elements of the training set {κ(xt,x)}t∈[T ]

1.
To the best of our knowledge, there is no Representer

Theorem for constrained problems in RKHS. To generalize
it to the constrained setting, we study problems with data-
dependent constraints. We assume that the convex constraint
function Gj(f) in (2) is also the expectation of some gj : H×
X → R over the random vector x; i.e.,G(f) = Ex[g(f(x))]
with g = (g1, · · · , gm)>. Thus, the empirical counterpart of
(7) over the training set S takes the form

max
µ∈Rm

+

min
f∈H

Lo(f,µ;S), (8)

where Lo(f,µ;S) is defined as

Lo(f,µ;S) =:
1

T

T∑
t=1

[
`(f(xt),yt) +

m∑
j=1

µjgj(f(xt))

]
+
λ

2
‖f‖2H. (9)

1Here we use [T ] to denote the set of integers {1, 2, · · · , T}.

This way, the following Representer Theorem can be
established for the saddle-point problem (8). Due to space
limitation, we do not include the proof of the theorem here;
it can be found in [1]. Similarly, detailed proofs for all the
other technical results are available in [1].

Theorem 1. Fix a kernel κ, and let H be the corresponding
RKHS. Let S = {(x1,y1), · · · , (xT ,yT )} be the training
dataset. If the empirical estimate of the function G has the
form G(f ;S) = (1/T )

∑T
t=1 gj(f(xt)), all solutions to the

saddle-point problem (8) can be expressed as

f∗ =

T∑
t=1

wtκ(xt, ·), (10)

where {wt ∈ R}t∈[T ] are the real-valued coefficients.

Theorem 1 shows that the solution f∗ [cf. (2)] admits a
representation as a countable linear combination of kernel
evaluations of realizations of (x,y). This generalizes the
unconstrained stochastic optimization in RKHS [19]. With
these technicalities clarified, we may now turn to developing
an algorithmic solution to address constrained stochastic
optimization in RKHS for the first time.

III. STOCHASTIC PRIMAL-DUAL METHOD IN RKHS

Now we present an iterative numerical solution for achiev-
ing (2). To this end, consider its approximate Lagrangian
relaxation:

L(f,µ) = L(f) + µ>G(f) +
λ

2
‖f‖2H −

δη

2
‖µ‖2. (11)

Note that (11) is the augmented Lagrangian of (2) with
regularization coefficients δ, η > 0 for the dual variable
µ. The last regularization term has been included by our
algorithmic design in order to control the violation of non-
negative constraints on the dual variable over time t. Note
that the augmented Lagrangian L(f,µ) is strongly convex
in f and strongly concave in µ with positive δ and η. Thus,
L(f,µ) admits a saddle-point (fs,µs), where fs can be
viewed as an approximation of the optimal f∗. Therefore,
the original saddle-point problem in (7) can be addressed by
solving the following approximation

max
µ∈Rm

+

min
f∈H

L(f,µ). (12)

Furthermore, under the assumption that G(f) =
Ex[g(f(x))] as in Section II, we obtain the following
empirical version of (12) over the training set S =
{(x1,y1), · · · , (xT ,yT )}:

max
µ∈Rm

+

min
f∈H
L(f,µ;S)=

1

T

T∑
t=1

[̀
(f(xt),yt)+

m∑
j=1

µjgj(f(xt))

]
+
λ

2
‖f‖2H −

δη

2
‖µ‖2. (13)

We also define the instantaneous augmented Lagrangian, i.e.,
one realization of L(f,µ) based on data sample (xt,yt), as



L̂t(f,µ) := `(f(xt),yt) +

m∑
j=1

µjgj(f(xt))

+
λ

2
‖f‖2H −

δη

2
‖µ‖2. (14)

Observe that (14) is (11) in expectation over (x,y). Our al-
gorithm, detailed soon, is developed on basis of the gradient
update for solving the augmented saddle-point problem (12).

A. Functional Primal-dual Method

We are interested in the online setting where the data
sample size T is not necessarily finite or samples (xt,yt)
are observed sequentially. To this end, we consider the case
where (xt,yt) are independent realizations from a stationary
joint distribution of the random pair (x,y) ∈ X × Y [28].
First, define the following function:

˜̀(f(x),y,µ) := `(f(x),y) +

m∑
j=1

µjgj(f(x)).

By the reproducing property of RKHS in (1), we have

∂f(xt)

∂f
=
∂〈f, κ(xt, ·)〉H

∂f
= κ(xt, ·). (15)

Thus, following the derivation in [29], we can compute the
stochastic gradient of ˜̀w.r.t. f in RKHS by using the chain
rule. For any given µ ∈ Rm+ , we have

∇f ˜̀(f(xt),yt,µ)(·) =
∂ ˜̀(f(xt),yt,µ)

∂f(xt)

∂f(xt)

∂f
(·)

= ˜̀′(f(xt),yt,µ)κ(xt, ·, ) (16)

where we denote˜̀′(f(xt),yt,µ) := ∂ ˜̀(f(xt),yt,µ)/∂f(xt)

as the derivative of ˜̀(f(xt),yt,µ) w.r.t. its argument f(xt)
evaluated at xt. Note that by definition the derivative˜̀′(f(xt),yt,µ) has the form

˜̀′(f(xt),yt,µ) = `′(f(xt),yt) +

m∑
j=1

µjg
′
j(f(xt)),

where `′ and g′j denote the derivative w.r.t. the scalar f(xt)
evaluated at xt, respectively. With these definitions, we
propose the stochastic primal-dual method for solving (12):

ft+1 = (1− ηλ)ft − η

[
`′(ft(xt),yt)

+

m∑
j=1

µjg
′
j(ft(xt))

]
κ(xt, ·),

µt+1 =
[
(1− η2δ)µt + ηg(ft(xt))

]
+
,

(17a)

(17b)

where η > 0 is a step-size parameter which can be selected
as a small constant, and [·]+ = max(·, 0) denotes the vector-
operator that projects its argument to Rm+ . Recall that the
step-size η is also used to define the augmented Lagrangian
(11). This way, one can relate the control of the constraint

violation of the dual variable with the algorithm update, as
we will show later in the proof.

For given regularization parameter λ > 0 in (2), we further
require the step-size η < 1/λ and the sequence of (ft,µt) is
initialized by f1 = 0 ∈ H and µ1 = 0 ∈ Rm+ . By induction,
the updates in (17) lead to a linear expansion form for ft in
terms of all past observed feature vectors xt, as given by

ft(x) =

t−1∑
t=1

wtκ(xt,x) = w>t κXt
(x) , (18)

where the coefficient wt := [w1, · · · , wt]> ∈ Rt−1, and

Xt := [x1, . . . ,xt−1] ∈ Rp×(t−1),
κXt

(·) := [κ(x1, ·), . . . , κ(xt−1, ·)]>.

Thus, function ft belongs to the subspace spanned by
κXt

(·). Performing the update of ft as in (17a) amounts to
the following parametric updates on both kernel dictionary
X and coefficient vector w:

Xt+1 = [Xt, xt],

wt+1 =

[
(1−ηλ)wt,−η`′(ft(xt),yt)−η

m∑
j=1

µjg
′
j(ft(xt))

]
.

Hence, the number of columns in Xt increases by one at
every time, which inevitably leads to dimensionality concern.
Specifically, define the model order as number of data points
Mt in the dictionary at time t. For the stochastic gradient
update in (17a), the order Mt = t − 1 grows unbounded
with iteration index t.
Proximal Projection Motivated by the dimensionality reduc-
tion approach in [12], we propose to project the functional
stochastic gradient update of ft onto a low-dimensional sub-
space HDt ⊆ H. The latter consist only of functions that can
be represented using some dictionary Dt = [d1, · · · ,dMt

] ∈
Rp×Mt of fixed size Mt. Recall that Mt is the model order
of the dictionary at time t. In particular, HDt

has the form
HDt

= {f : f(·) =
∑Mt

τ=1 wτκ(dτ , ·) = w>t κDt
(·)}, where

we define κDt(·) = [κ(d1, ·) . . . κ(dMt , ·)]. The dictionary
Dt is updated to Dt+1 when a new data sample (xt,yt)
becomes available. Therefore, we replace the update (17a)
with the following one that has an additional projection
operation onto the subspace HDt+1

:

ft+1 = argmin
f∈HDt+1

∥∥∥f − ((1− ηλ)ft

− η∇f ˜̀(ft(xt),yt,µt))∥∥∥2
H

(19)

:= PHDt+1

[
(1− ηλ)ft − η∇f ˜̀(ft(xt),yt,µt)],

where PHD
denotes the projection operator onto any sub-

space HD ⊆ H.
To project the function onto HDt+1 , we first form the

original dictionary D̃t+1 and coefficient vector w̃t+1 as
defined by the update (17):

D̃t+1 = [Dt, xt], (20)

w̃t+1 = [(1− ηλ)wt, −η˜̀′(ft(xt),yt,µt)] .



Accordingly, we denote the pre-projected function sequence
as f̃t+1 = (1 − ηλ)ft − η∇f ˜̀(ft(xt),yt,µt). For any
given dictionary Dt+1, the projection of f̃t+1 onto HDt+1

is equivalent to updating the coefficient vector wt+1 as

wt+1 = K−1Dt+1Dt+1
KDt+1D̃t+1

w̃t+1 , (21)

where KDt+1Dt+1
and KDt+1D̃t+1

are kernel matrices
between the respective pair of dictionaries. One efficient
way to obtain the dictionary Dt+1 from D̃t+1, as well as
the coefficient wt+1, is to apply the approach of kernel
orthogonal matching pursuit (KOMP) [30]. Moreover, we
assume that the output ft+1 from the KOMP has bounded
Hilbert norm,2 which is typically required for establishing
the convergence of primal-dual methods; see e.g., [31], [21],
[32]. Hence, the following projection could control not only
the model order but also the Hilbert norm of the output,

(ft+1,Dt+1,wt+1) = KOMP(f̃t+1, D̃t+1, w̃t+1, εt),
(22)

where εt is the approximation budget such that ‖ft+1 −
f̃t+1‖H ≤ εt. Note that the dual variable µt shows up in
the coefficient vector w̃t+1. To recap, the online primal-dual
algorithm is updated as follows

ft+1 = PHDt+1

[
(1− ηλ)ft

− η∇f ˜̀(ft(xt),yt,µt)]
µt+1 =

[
(1− η2δ)µt + ηg(ft(xt))

]
+
.

(23a)

(23b)

Given sequentially observed realization (xt,yt), the algo-
rithm alternates between stochastic primal descent steps (20)
and dual stochastic ascent steps (23b). The primal iterates
are projected onto sparse stochastic subspaces defined by
the output of matching pursuit (22). The update rule of
the projected primal-dual method is summarized as Algo-
rithm 1. The subsequent sections present the theoretical and
experimental validation of update (23) for function-valued
constrained stochastic programming.

IV. CONVERGENCE ANALYSIS

We will establish that the proposed algorithm, a functional
generalization of projected stochastic primal-dual method,
achieves convergence in expectation in terms of both ob-
jective sub-optimality and constraint violation. We start by
introducing several standard assumptions for the necessity of
convergence analysis.
Assumption 1. The feature space X ⊂ Rp and target
domain Y ⊂ Rd are compact, and the reproducing kernel
map can be bounded by some constant X > 0 as

sup
x∈X

√
κ(x,x) = X <∞ (24)

2Note that this assumption can be satisfied by imposing an additional
bounded-norm constraint in the optimization problem for finding the best set
of bases in the matching pursuit algorithm, e.g., in Eq. (7) in [30], which can
be achieved by thresholding the coefficient sequence during compression.

Algorithm 1 Projected Primal-Dual Method in Kernel Space

Require: {xt,yt, εt, η, δ}t=0,1,2,...

initialize f0(·) = 0,D0 = [],w0 = [], λ = 0; i.e., initial
dictionary is null.
for t = 0, 1, 2, . . . do

Observe training example (xt, yt)
Take stochastic descent step on Lagrangian [cf. (17a)]

f̃t+1 = (1− ηλ)ft − η

[̀
′(ft(xt),yt)

+

m∑
j=1

µjg
′
j(ft(xt))

]
κ(xt,·)

Take stochastic ascent step on Lagrangian [cf. (17b)]

µt+1 =
[
(1− η2δ)µt + ηg(ft(xt))

]
+

Update D̃t+1 =[Dt,xt] and w̃t+1 [cf. (20)]
Greedily compress function using KOMP

(ft+1,Dt+1,wt+1)= KOMP(f̃t+1,D̃t+1,w̃t+1,εt)

end loop
end for

Assumption 2. The instantaneous loss ` : H × X × Y →
R is uniformly C1-Lipschitz continuous in its first (scalar)
argument for any fixed y ∈ Y , and the constraint functions
gi : H × X → R for all i = 1, · · · ,m are all uniformly
C2-Lipschitz continuous; i.e., for any z, z′ ∈ R, there exist
constants C1, C2 > 0 such that

|`(z,y)− `(z′,y)| ≤ C1|z − z′|,∀y ∈ Y, (25)
|gi(z)− gi(z′)| ≤ C2|z − z′|,∀i = 1, · · · ,m. (26)

Assumption 3. The loss `(f(x),y) and the constraints
functions gi(f(x)) for i = 1, · · · ,m are all convex with
respect to the argument f(x) on R for all x ∈ X , y ∈ Y .

Assumption 4. There exists a strictly feasible point, i.e.,
some f ∈ H satisfies G(f) < 0.

Assumption 5. The output ft+1 of the KOMP update (22)
has Hilbert norm bounded by RB <∞, and the optimal f∗

lies in the ball B with radius RB.

Assumptions 1 and 2 hold in most practical settings by the
data domain itself. Assumption 3 ensures that the constrained
stochastic optimization problem (2) is convex. Assumption 4,
namely the Slater’s Condition [26], ensures the satisfiability
of the constraints and thus the feasible set of (2) is non-
empty. Moreover, it guarantees that the strong duality holds
for (2). Assumption 5 formally states that the KOMP output
has bounded Hilbert norm, as mentioned in Section III. In
addition, it assumes that the optimal f∗ belongs to the ball
B with radius RB such that the algorithm output and the set
of optimizers have non-empty intersection.

With the technical setting clarified, we can establish



bounds on the primal-sub-optimality {R(ft) − R(f∗)} and
the accumulated constraint violation G(ft), both in expecta-
tion. The following lemma is needed to bound the decre-
ment of the instantaneous Lagrangian difference, namely
L̂t(ft,µ)− L̂t(f,µt).
Lemma 1. Suppose the sequence (ft,µt) is generated
from the update (23), and Assumptions 1-5 hold. Then, the
instantaneous Lagrangian difference satisfies the following
decrement property for any f ∈ B and µ ∈ Rm+ :

L̂t(ft,µ)− L̂t(f,µt) (27)

≤ 1

2η

(
‖ft − f‖2H − ‖ft+1 − f‖2H + ‖µt − µ‖2

− ‖µt+1 − µ‖2
)

+
η

2

(
2 ·
∥∥∇f L̂t(ft,µt)∥∥2H

+
∥∥∇µL̂t(ft,µt)∥∥2)+

εt
η
‖ft − f‖H +

ε2t
η
,

where εt is the approximation budget specified in (22).
Lemma 1 shows that the difference of instantaneous La-

grangians can be upper bounded in terms of the difference
between the primal and dual iterates to a fixed primal-dual
pair (f,µ) ∈ B × Rm+ over two consecutive iterations, the
squared norm of primal and dual gradients, and the terms
related to the approximation budget εt. This is the basis
for the ensuing convergence analysis with certain choice of
constant step-size η.

Now we are ready to present the convergence result for
the proposed reduced-order online algorithm.
Theorem 2. Let (ft,µt) be the sequence generated from Al-
gorithm 1. Suppose Assumptions 1-5 hold with constant step-
size η = 1/

√
T and approximation budget εt = ε = Pη2,

where P > 0 is a scalar termed as the parsimony constant.
Then, the time-aggregation of the expected objective function
error sequence E[R(ft)]−R(f∗), with f∗ defined as in (2),
grows sub-linearly with termination index T :

T∑
t=1

E[R(ft)−R(f∗)] ≤ O(
√
T ). (28)

Moreover, the time-aggregation of the expected violation of
all algorithm constraints grows sub-linearly in T as

m∑
j=1

E
[ T∑
t=1

Gj(ft)

]
+

≤ O(T 3/4). (29)

Theorem 2 establishes that given a fixed step-size η =
1/
√
T , the objective function error accumulates at a sub-

linear rate of O(
√
T ) over time as does the constraint

violation at a rate of O(T 3/4). Thus, for large enough T ,
both the objective function error and the constraint violation
vanish to zero on average. Theorem 2 also allows us to
establish the convergence of the time-average iterates to a
certain accuracy depending on the total number of iterations
T , as stated formally in the following corollary.
Corollary 1. Let fT =:

∑T
t=1 ft/T be the functional

formed by averaging the primal iterates ft over time t =

1, · · · , T . Suppose Assumptions 1-5 hold. With T iterations
for Algorithm 1 under a constant step-size η = 1/

√
T and

approximation budget εt = ε = P/T , where P > 0 is a fixed
constant, the objective function evaluated at fT satisfies

E[R(fT )−R(f∗)] ≤ O(1/
√
T ). (30)

In addition, the constraint violation evaluated at fT satisfies
m∑
j=1

E
[(
Gj(fT )

)]
+

≤ O(T−1/4). (31)

Corollary 1 shows that the time-average iterate fT
achieves a convergence rate at O(1/

√
T ) for the objective

function value, and an O(T−1/4) rate to bound the constraint
violation. We note that for any fixed T , this result essentially
shows the convergence to a neighborhood of the actual solu-
tion on the average. The size of this neighborhood depends
on the parameters of the problem, including the radius of the
ball RB, the coefficient δ, the Lipschitz constants for ` and
gi, and the upper bound for the reproducing kernel map X .
We also note that the results in Theorem 2 and Corollary
1 are comparable to those under the deterministic setting
[31] or the stochastic setting in the vector-valued constrained
convex optimization [32]. One departing feature of the RKHS
setting is that by averaging ft over time, its model order may
blow up; thus, Corollary 1 is a theoretical result only for
interpreting the convergence bounds of Theorem 2, although
such averaging over time may violate the sparsity of the
instantaneous function iterate.

An additional benefit of using constant step-sizes for a
fixed T < ∞ is that we may limit the complexity of the
primal function sequence and establish that it is at-worst
finite. Specifically, with constant step-size and approximation
budget, we could apply Theorem 3 in [12] using a slight
modification that ε = O(η2) rather than O(η3/2). This result
guarantees that the model order of the function sequence
remains finite and is related to the covering number of the
data domain, which is formally stated here as a corollary.
Corollary 2. Suppose the sequence (ft,µt) is generated
by Algorithm 1 under constant step-size η = 1/

√
T and

approximation budget ε = Pη2 where P > 0 is a positive
scalar. For the model order Mt of function ft, there exists a
finite upper bound M∞ such that Mt ≤M∞ for all t ≥ 0.

Henceforth, the update (23) solves the problem (2) to a
bounded error neighborhood that is dependent on final itera-
tion and step-size, and ensures that the function complexity is
under control. Subsequently, we substantiate these theoretical
findings on a canonical statistical inference task with risk-
constrained kernel classifiers.

V. EXPERIMENTS

This section presents numerical evaluation results for our
proposed method for solving constrained stochastic optimiza-
tion problems in RKHS. In particular, we consider the risk-
aware supervised learning problem with conditional value-
at-risk constraints as stated in Example 1. This constraint is
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Fig. 1: Algorithm 1 for KSVM with objective in (32) and CVaR constraint in (3) (cf. Example 1) for three training epochs over a multi-
class problem with synthetic Gaussian mixture data. We use a Gaussian kernel with bandwidth σ = 0.3, constant step-size η = 0.009,
with parsimony constant P = 3.7, and a mini-batch size of 4. Spikes are due to non-differentiability of the objective and constraint.
Smaller step-sizes are required for constrained versus unconstrained problems. The objective and constraint violation converge to null
and the model order remains stable. We compare with an unconstrained projected functional stochastic gradient descent (FSGD) based
method, namely, POLK [12], and a penalty method [16] with the penalty coefficient doubled every 200 iterations. These two alternatives
converge to lower model-order, yet infeasible, solutions.
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Fig. 2: Algorithm 1 for KSVM with objective in (32) and CVaR constraint in (3) (cf. Example 1). Fig. 2(a) shows that the test set
accuracy stabilizes to near a 4% error rate; Fig. 2(b) displays the decision surface, where bold black dots denote kernel dictionary
elements, grid colors denote classifier decisions. Each class label is assigned with a distinct color, and curved lines delineate confident
decision boundaries. As shown in Fig. 2(c), high-confidence decision boundaries are only drawn far from class overlap, which is the
expected effect of minimizing CVaR of a classifier. This is despite the fact that points in the overlap region are still classified correctly.
For comparison, we also display the surface learned by POLK, which does not incorporate risk into decision making and thus is closer
to the mean data density function.

imposed to mitigate the unknown variance of the modeling
hypothesis that f ∈ H, known as the approximation error in
statistical learning [22]. The supervised learning problem we
consider here is Multi-class Kernel Support Vector Machines
(KSVM). In KSVM, the merit of a function is defined by its
ability to maximize the so-termed classification margin. In
particular, define a set of C class-specific activation functions
fc : X → R, and denote them jointly as f ∈ HC . In Multi-
KSVM, points are assigned the class label of the activation
function that yields the maximum response. KSVM is trained
by taking the instantaneous loss ` to be the multi-class hinge
function which defines the margin separating hyperplane in
the kernelized feature space, as given by

`(f(xn), yn)=[1+fr(xn)−fyn(xn)]++λ

C∑
c′=1

‖fc′‖2H, (32)

where r = argmaxc′ 6=yn fc′(x). Please refer to [33] for more
details on the problem formulation. We test our algorithm on
a synthetic data set, where data vectors are 2-dimensional
drawn from a set of Gaussian mixture models as in [34].

Specifically, first draw the label yn randomly and uniformly
from the label set. Based on yn, the data point xn is then
drawn from an equitably-weighted Gaussian mixture model
as x | y ∼ (1/3)

∑3
j=1N (µy,j , σ

2
y,jI) where σ2

y,j = 0.2 for
all values of y and j. This way, µy,j are realizations a distinct
Gaussian distribution with class-dependent parameters, i.e.,
µy,j ∼ N (θy, σ

2
yI), where σ2

y = 1.0 and {θ1, . . . ,θC} are
equitably spaced around the unit circle, one for each class
label. The number of classes is fixed at C = 5 so the feature
distribution has 15 distinct modes. The data set includes N =
5000 samples for training and 2500 for testing.

We run the algorithm for three training epochs, i.e., T =
15000, with a Gaussian kernel whose bandwidth is σ = 0.3.
The algorithm step-size is η = 0.009, under the compression
budget ε = Pη2 with parsimony constant P = 3.7 and a
mini-batch size of 4. The primal regularizer λ = 10−4 and
the dual regularizer δ = 10−4. The significance level for
CVaRα is α = 0.9 and the tolerance is γ = 2. This enforces
the learning process to be more conservative and avoid



moving the regression function in ways that could cause the
loss function to spike with probability under 1− α = 0.1.

The results of this experiment are given in Fig. 1: the
statistical average loss converges to a small constant as
the number of samples increases (Fig. 1a), while the in-
feasibility initially spikes and gradually settles to feasibility
(Fig. 1b). In the meanwhile, the model complexity remains
under control (Fig. 1c). Jumps in objective and constraints
are caused by the non-differentiability of the hinge loss.
The resulting classifier attains test accuracy near 96% by
the end of the second training epoch (Fig. 2a), and the
resulting risk-aware decision surface is given in Fig. 2b. Bold
black dots denote kernel dictionary elements; grid colors
denote classifier decisions and curved lines denote decision
boundaries, which are far from areas of class overlap due to
their increased likelihood of causing loss spikes. Alternative
methods based on projected FSGD and a penalty method
converge to comparably accurate solutions but cannot handle
constraints. They eventually lead to infeasible solutions, and
thus define riskier decisions.

VI. CONCLUSIONS

This paper considered the function-valued stochastic op-
timization problem in reproducing Kernel Hilbert space
(RKHS) under nonlinear constraints. We extended the Rep-
resenter Theorem to a certain form of saddle-point problems
over RKHS and developed a projected stochastic primal-dual
method. We then established convergence in expectation for
both the objective function and constraint violation level with
bounded error neighborhoods. The convergence results have
been numerically validated using a risk-aware supervised
learning task. As for future work, we plan to investigate
the effectiveness of our algorithm for trajectory optimization
based on sensory observations, among other constrained
learning applications.
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