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Abstract— We focus on policy search in reinforcement learn-
ing problems over continuous spaces, where the value is defined
by infinite-horizon discounted reward accumulation. This is
the canonical setting proposed by Bellman [3]. Policy search,
specifically, policy gradient (PG) method, scales gracefully to
problems with continuous spaces and allows for deep network
parameterizations; however, experimentally it is known to be
volatile and its finite-time behavior is not well understood. A
major source of this gap is that unbiased ascent directions are
elusive, and hence only asymptotic convergence to stationarity
can be shown via links to ordinary differential equations [4]. In
this work, we propose a new variant of PG methods that uses a
random rollout horizon for the Monte-Carlo estimation of the
policy gradient, which we establish yields an unbiased policy
search direction. Furthermore, we conduct global convergence
analysis from a nonconvex optimization perspective: (i) we first
recover the results of asymptotic convergence to the stationary-
point policies in the literature through an alternative super-
martingale argument; and (ii) we provide iteration complexity,
i.e., convergence rate, of policy gradient in the infinite-horizon
setting, showing that it exhibits comparable rates to stochastic
gradient method in the nonconvex regime for diminishing and
constant stepsize rules. Numerical experiments on the inverted
pendulum demonstrate the validity of our results.

I. INTRODUCTION

Reinforcement learning (RL) [5], [6] is a mathematical
framework for data-driven control, where an autonomous
agent interacts with an environment and endeavors to im-
prove behavior according to sequentially observed incentives.
This framework has gained attention in recent years with the
success of AlphaGo [7], where an RL-based system outper-
formed the world champion in the game of Go. However,
there is a significant gap between the highly engineered
systems proposed in [7] and the theoretical foundations that
guarantee the performance of the RL algorithms used. Within
this gap, we propose to study the stability and complexity of
RL algorithms.

In reinforcement learning, excluding lookahead approxi-
mations (model predictive control and tree search), methods
roughly cluster into those based on search directions in policy
space, i.e., “direct policy search,” and approximate dynamic
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programming, which aims to solve Bellman fixed point
equations [3]. Our emphasis in this work is to understand
direct policy search in the infinite-horizon setting (Sec. II),
the canonical example of which is policy gradient method
[8]. Policy search has gained traction recently due to its
ability to scale gracefully to continuous spaces [9], [10] and
incorporate deep networks [11], [12].

Despite the popularity of policy gradient method, its global
convergence in the infinite-horizon discounted setting [6] has
not been established explicitly so far. This gap largely stems
from the fact that obtaining unbiased estimates of the policy
gradient through sampling is often missing (in contrast to
optimization perspectives on approximate dynamic program-
ming [13], [14]). As a result, one must quantify the stochastic
descent directional error. Specifically, following the Policy
Gradient Theorem [8], obtaining an unbiased estimate of
the policy gradient requires two criteria: (1) the state-action
pair is drawn from the ergodic distribution of the Markov
chain under the policy; (2) the estimate of the action-value
(or Q) function is unbiased, which is similar conceptually
to the “double sampling” problem in approximate dynamic
programming.

Monte-Carlo rollout, i.e., having the agent randomly ex-
plore and accumulate rewards up to some time horizon, may
be used to obtain unbiased estimates of the action-value when
one restricts focus to episodic reinforcement learning. How-
ever, this finite horizon rollout will be biased with respect
to an infinite-horizon discounted value function. This bias
has led most analyses to focus on asymptotic behavior via
dynamical systems [4], although some efforts towards finite
sample analysis of the infinite-horizon case have appeared
recently for linear systems [15]. We propose to overcome
this bias through the use of random geometric time rollout
horizons, a technique first formulated in [16]. This allows
us to obtain unbiased estimates of the Q function, using
only rollouts with finite horizons. Moreover, the random
rollout horizon also gives rise to an unbiased sampling of
the state-action pair from the ergodic distribution. With these
two challenges addressed, we obtain an unbiased estimate of
the policy gradient, which allows us to link policy gradient
method with the classical stochastic programming approach
[17]. We refer to our algorithm (Sec. III) as random-horizon
policy gradient (RPG), to emphasize that the horizon of the
Monte-Carlo rollout is random.

With this connection established, we can bridge a notice-
able gap in policy search: the convergence rate of policy
search in a numerical optimization sense. In particular, it is
well known in nonconvex optimization that with only first-



order information and no additional hypothesis, convergence
to a stationary point is the best one may hope to achieve [18].
However, numerous analyses of policy gradient methods
claim global convergence to local minimizers by invoking
dynamical systems theory [4]. The validity of this analysis
hinges on the existence of a strict Lyapunov function; how-
ever, for policy search, unless additional structure is present,
only a nonstrict Lyapunov function can be defined, and hence
stationarity would be the valid limit of the policy gradient
method. Moreover, without a global descent property, only
local convergence may be established. In summary, existing
analyses for policy search are limited in that they (i) provide
only one-step policy improvement; and ii) misuse the term
local-optimal policy as the algorithm limit, when in fact it
is a stationary point.

Last, we close these gaps by establishing a link between
policy search and submartingales [19] (Sec. IV). This enables
us to provide a unified asymptotic analysis, and consequently
yields the first finite-iteration analysis and constant stepsize
behavior. Experiments (Sec. V) corroborate our main find-
ings: for the proposed RPG algorithm, the use of random
rollout horizons avoids stochastic gradient bias and hence
exhibits reliable convergence that matches the theoretically
established rates, connecting policy search to stochastic
gradient method for nonconvex optimization.

II. PROBLEM FORMULATION

The mathematical formalism of reinforcement learning is
encapsulated by a Markov decision process (MDP), which
is a tuple (S,A,P, R, γ) with Markov kernel P(s′ | s, a) :
S ×A → P(S) that determines the transition probability to
state s′. The autonomous agent’s state s belongs to S ⊂ Rq
and it takes actions a ∈ S ⊂ Rp. Every time an agent selects
action at, a random transition to state s′t occurs according
to P(s′t | st, at) and a reward rt := R(st, at) ∈ R is revealed
which denotes the merit of a particular action. Here, γ ∈
(0, 1) is a parameter of the problem to be defined shortly.

We assume that the agent follows a stochastic stationary
policy π : S → ρ(S), i.e., actions at time t are chosen
according to π(st). For policy π, define the value Vπ : S →
R as

Vπ(s) = Eat∼π(· | st),st+1∼P(· | st,at)

( ∞∑
t=0

γtrt

∣∣∣∣ s0 = s

)
,

which quantifies the long term expected accumulation of
rewards discounted by γ. We can further define the value Vπ :
S×A → R conditioned on a given initial action as the action-
value, or Q-function as Qπ(s, a) = E

(∑∞
t=0 γ

trt
∣∣ s0 =

s, a0 = a
)
. We also define Aπ(s, a) = Qπ(s, a)− Vπ(s) for

any s, a to be the advantage function. Given any initial state
s0, the goal of the agent is to find the policy π that maximizes
the value Vπ(s0), i.e., to solve the following maximization

max
π∈Π

Vπ(s0) (1)

In this work, we investigate policy search to solve (1).
In general, we must search over an arbitrarily complicated

function class Π, including those which are unbounded and
discontinuous. Instead, we parameterize policies π in Π by
a vector θ ∈ Rd, i.e., π = πθ to avoid this issue, which is
typical of policy gradient method [8]. This parameterization
reduces a search over arbitrarily complicated function class
Π in (1) to one over the Euclidean space Rd. For notational
convenience, define J(θ) := Vπθ (s0). Then (1) specializes
to a vector-valued problem as

max
θ∈Rd

J(θ). (2)

Generally, the value function is nonconvex with respect to
the parameter θ, meaning that obtaining a globally optimal
solution to (2) is out of reach unless the problem has
additional structured properties, as in phase retrieval [20]
and tensor decomposition [21]. Moreover, the conventional
limit point of most approaches to nonconvex optimization is
a stationary solution, which could either be a saddle point
or a local optimum. Our goal in this work is to develop
a stochastic gradient method to maximize J(θ), establish
its limiting and finite-time behaviors, and clear up some
misconceptions regarding its limit points.

III. POLICY GRADIENT METHOD

In this section, we make a connection between the policy
gradient method in RL and stochastic gradient in optimiza-
tion. In particular, we develop an unbiased estimate of the
policy gradient for infinite-horizon problems, with bounded
absolute values. To this end, we first make the assumption
below, on the MDP problem and the policy parameterized
by πθ.

Assumption 1. Suppose the reward function R and the
parameterized policy πθ satisfy the following conditions:

(i) The absolute value of the reward R is uniformly
bounded, i.e., |R(s, a)| ∈ [0, UR] for any (s, a) ∈ S×A.

(ii) The policy πθ is differentiable with respect to θ, and
∇ log πθ(a | s), known as the score function correspond-
ing to the distribution πθ(· | s), is LΘ-Lipschitz and has
bounded norm, i.e., for any (s, a) ∈ S ×A,

‖∇ log πθ1(a|s)−∇ log πθ2(a | s)‖ ≤ LΘ · ‖θ1 − θ2‖,
‖∇ log πθ(a | s)‖ ≤ BΘ, for some constants LΘ, BΘ.

for any θ1, θ2, and θ, respectively.

In the literature on policy gradient/actor-critic algorithms
[22], [23], [24], [25], [26], the boundedness of the reward
function in Assumption 1(i) is standard. Note that the uni-
form boundedness of R also results in the boundedness of the
Q-function, whose absolute value is bounded by UR/(1−γ),
since for any (s, a) ∈ S ×A,

|Qπθ (s, a)| ≤
∞∑
t=0

γt · UR = UR/(1− γ). (3)

Similarly, for any πθ and s ∈ S, we can bound Vπθ (s) , and
thus J(θ) (since it is essentially Vπθ (s0)), as follows

|Vπθ (s)| ≤ UR/(1− γ) , |J(θ)| ≤ UR/(1−γ).



Algorithm 1: EstQ: Unbiasedly Estimating Q-function

Input: s, a, and θ. Initialize Q̂← 0, s0 ← s, a0 ← a.
Draw T ∼ Geom(1 − γ1/2), i.e., P (T = t) = (1 −
γ1/2)γt/2.
for all t = 0, · · · , T − 1 do

Collect & add reward R(st, at): Q̂← Q̂+γt/2R(st, at).
Simulate state st+1 ∼ P(· | st, at), action at+1 ∼
π(· | st+1).

end for
Collect R(sT , aT ) by Q̂← Q̂+ γT/2 ·R(sT , aT ).
return Q̂.

Assumption 1(ii) has also been made in several recent
works on the convergence analysis of policy gradient al-
gorithms [24], [27], [28], which can be readily satisfied by
common parametrized policies such as the Boltzmann policy
[29] and the Gaussian policy [30]. For example, for Gaussian
policy1 in continuous spaces, πθ(· | s) = N (φ(s)>θ, σ2),
where N (µ, σ2) denotes the Gaussian distribution with mean
µ and variance σ2. Thus, the score function can be written
as [a − φ(s)>θ]φ(s)/σ2, which satisfies Assumption 1(ii)
under the three conditions below: the norm of the feature
vectors φ(s) is norm; the action a ∈ A is bounded; and the
parameter θ lies in some bounded set.

By the Policy Gradient Theorem [8], the gradient of J(θ)
with respect to the policy parameter θ can be written as

∇J(θ)=
1

1− γ
E(s,a)∼ρθ(·,·)

[
∇ log πθ(a | s)Qπθ (s, a)

]
, (4)

where we denote the probability that state st = s given
initial state s0 and policy parameter θ by p(st = s | s0, πθ),
and define the distribution ρπθ (s) = (1− γ)

∑∞
t=0 γ

tp(st =
s | s0, πθ), a well-defined probability measure [8]. For no-
tational convenience, we let ρθ(s, a) = ρπθ (s) · πθ(a | s).
Under Assumption 1, we can first obtain the Lipschitz
continuity of the policy gradient ∇J(θ), as shown in the
lemma below, whose proof can be found in [1][Appendix
A.1].

Lemma 1 (Lipschitz-Continuity of Policy Gradient). Under
Assumption 1, the policy gradient ∇J(θ) is Lipschitz con-
tinuous with constant L > 0, i.e., for any θ1, θ2 ∈ Rd

‖∇J(θ1)−∇J(θ2)‖ ≤ L · ‖θ1 − θ2‖,

where the value of the Lipschitz constant L is given as

L :=
UR · LΘ

(1− γ)2
+

(1 + γ) · UR ·B2
Θ

(1− γ)3
. (5)

To align with the stochastic gradient method in optimiza-
tion, unbiased samples of the gradient ∇J(θ) are required.
With only first-order information, the algorithm may con-
verge to a stationary solution of the nonconvex optimization
problem. In addition, with a more careful choice of stepsizes,

1Note that in practice, the action space A is bounded, and thus a truncated
Gaussian policy over A is often used; see [28].

Algorithm 2: RPG: Random-horizon Policy Gradient

Input: s0 and θ0, initialize k ← 0.
Repeat:

Draw Tk+1 from Geom(1− γ).
Draw a0 ∼ πθk(· | s0)
for all t = 0, · · · , Tk+1 − 1 do

Simulate st+1∼P(· | st, at), action at+1∼πθk(·|st+1).
end for
Estimate Qπθk (sTk+1

, aTk+1
) by Algorithm 1, i.e.,

Q̂πθk (sTk+1
, aTk+1

)← EstQ(sTk+1
, aTk+1

, θk).

Perform policy gradient update

θk+1 ← θk +
αk

1− γ
Q̂πθk (sTk+1

, aTk+1
)

×∇ log[πθk(aTk+1
| sTk+1

)]

Update the iteration counter k ← k + 1.
Until Convergence

attaining second-order stationary points [21], [31], which is
equivalent to actual local optima under certain conditions,
would also be possible; see [2] for more details. In the sequel,
we focus on the convergence to first-order stationary points,
which is not completely covered in [2].

Sampling the Policy Gradient: According to (4), the
following two conditions are necessary to obtain an unbi-
ased sample of ∇J(θ): i) draw state-action pair (s, a) ∼
ρθ(·, ·); and ii) obtain an unbiased estimate of the Q-function
Qπθ (s, a) for the drawn (s, a).

To this end, we use a random horizon T that follows
certain geometric distribution in the sampling process. In
particular, condition i) is ensured to be satisfied, if we evalu-
ate both Qπθ (·, ·) and ∇ log πθ(· | ·) at the sample (sT , aT ),
which is the last sample of a finite sample trajectory
(s0, a0, s1, · · · , sT , aT ). Here the horizon T ∼ Geom(1−γ).
This way, we can show that (sT , aT ) ∼ ρθ(·, ·). In addition,
given (sT , aT ), we perform Monte-Carlo rollouts for another
horizon T ′ ∼ Geom(1 − γ1/2) independent of T , and
estimate the Q-function value Qπθ (s, a) as follows:

Q̂πθ (s, a) =

T ′∑
t=0

γt/2 ·R(st, at)
∣∣ s0 = s, a0 = a. (6)

This subroutine of estimating the Q-function is summarized
as EstQ in Algorithm 1. It can be shown that Q̂πθ (s, a)
unbiasedly estimates Qπθ (s, a) for any (s, a) (see the proof
of Theorem 1, which can be found in [1]).

Remark 1. In practice, finite-horizon rollouts have been
widely used to approximate the infinite-horizon Q-function,
e.g., in the REINFORCE algorithm. However, inevitable
biases in Q-function estimates, and hence in the policy
gradient estimates, are created. We also note that the pro-
posed sampling technique improves the one in [16] that
uses Geom(1− γ) (instead of Geom(1− γ1/2)) to generate



the rollout horizon T ′. The proposed Q-function estimate is
almost surely bounded thanks to the γ1/2-discount factor
in (6), which leads to almost sure boundedness of the
stochastic policy gradient, and thus decreases its variance.
This boundedness is also critical in the proof of convergence
to second-order stationary points [2].

We now propose the following stochastic estimate ∇̂J(θ)
of the policy gradient ∇J(θ) given by (4):

∇̂J(θ) =
1

1− γ
· Q̂πθ (sT , aT ) · ∇ log[πθ(aT | sT )]. (7)

We then establish the following theorem, showing that the
stochastic policy gradient ∇̂J(θ) indeed unbiasedly estimates
∇J(θ). Additionally, we can also establish the boundedness
of ‖∇̂J(θ)‖ and ‖∇J(θ)‖ for any θ ∈ Θ – see [1][Appendix
B] for proof.

Theorem 1 (Properties of Stochastic Policy Gradient). For
any θ, ∇̂J(θ) given in (7) is an unbiased estimate of ∇J(θ)
in (4), i.e., for any θ,

E[∇̂J(θ) | θ] = ∇J(θ).

where the expectation is with respect to the random horizon
T ′, the trajectory along (s0, a0, s1, · · · , sT ′ , aT ′), and the
random sample (sT , aT ). Moreover, the norm of the policy
gradient ∇J(θ) is bounded, and its stochastic estimate
∇̂J(θ) is almost surely (a.s.) bounded, i.e.,

‖∇J(θ)‖ ≤ BΘ · UR
(1− γ)2

, ‖∇̂J(θ)‖ ≤ ˆ̀ a.s.

for some constant ˆ̀> 0 .

Now we are ready to present the policy gradient update
based on (7). Let θk be the estimate for the policy parameter
at iteration k ≥ 0. Then the policy gradient update for step
k + 1 can be written as

θk+1 = θk + αk∇̂J(θk) (8)

= θk+
αk

1− γ
Q̂πθk(sTk+1

,aTk+1
)∇log[πθk(aTk+1

|sTk+1
)],

where {Tk} ∼ Geom(1 − γ) are i.i.d., and {αk} is the
stepsize sequence that can be either diminishing or constant.
We refer to the policy gradient method as the random-horizon
policy gradient, with the details summarized in Algorithm 2.

Next, we analyze the convergence of the aforementioned
policy gradient method, establishing both their asymptotic
and finite-time performances, using tools from optimization.

IV. CONVERGENCE ANALYSIS

In this section, we provide convergence results for the pro-
posed policy gradient algorithms. To start, we first introduce
the following assumption for the diminishing stepsize αk,
which is standard in stochastic approximation.

Assumption 2. The sequence of stepsizes {αk}k≥0 satisfies
the Robbins-Monro condition

∞∑
k=0

αk =∞,
∞∑
k=0

α2
k <∞.

Now we can obtain asymptotic convergence of Algorithm
2 under Assumptions 1-2 as follows.

Theorem 2 (Asymptotic Convergence of Algorithm 2). Let
{θk}k≥0 be the sequence of policy parameters πθk given by
Algorithm 2. Under Assumptions 1-2, we have limk→∞ θk ∈
Θ∗, with Θ∗ being the stationary points set of (2).

Proof. At each iteration k, we define the random horizon
used in estimating Q̂πθk (sTk+1

, aTk+1
) in the inner-loop

of Algorithm 1 as T ′k+1. We then introduce a probability
measure space (Ω,F , P ) and let {Fk}k≥0 denote a sequence
of increasing sigma-algebras F0 ⊂ F1 ⊂ · · · F∞ ⊂ F ,
where Fk denotes the one generated by all the random
variables before iteration k. We also define the following
auxiliary random variable Wk, which is essential to the
analysis of Algorithm 2:

Wk = J(θk)− Lˆ̀2
∞∑
j=k

α2
k, (9)

where we recall that L is the Lipchitz constant of ∇J(θ)
as defined in (5), and ˆ̀ is the upper bound of ‖∇̂J(θk)‖ in
Theorem 1. Noting that J(θ) is bounded and {αk} is square-
summable, we conclude that Wk is bounded for any k ≥ 0.
In fact, we can show that {Wk} is a bounded submartingale,
as stated in the following lemma.

Lemma 2. The objective function sequence defined by Al-
gorithm 2 satisfies the following stochastic ascent property:

E[J(θk+1) | Fk]

≥ J(θk) + E[(θk+1 − θk) | Fk]>∇J(θk)− Lα2
k

ˆ̀2 (10)

Moreover, the sequence {Wk} defined in (9) is a bounded
submartingale:

E(Wk+1 | Fk) ≥Wk + αk‖∇J(θk)‖2. (11)

Proof. Note that Wk is adapted to the sigma-algebra Fk.
Consider the first-order Taylor expansion of J(θk+1) at θk.
Then there exists some θ̃k = λθk + (1 − λ)θk+1 for some
λ ∈ [0, 1] such that Wk+1 can be written as

Wk+1 = J(θk) + (θk+1 − θk)>∇J(θ̃k)− Lˆ̀2
∞∑

j=k+1

α2
k

≥ J(θk) + (θk+1 − θk)>∇J(θk)

− L‖θk+1 − θk‖2 − Lˆ̀2
∞∑

j=k+1

α2
k

where the inequality follows from applying Lipschitz conti-
nuity of the gradient (Lemma 1), i.e.

(θk+1 − θk)>[∇J(θ̃k)−∇J(θk)]

≥ −‖θk+1 − θk‖ · ‖∇J(θ̃k)−∇J(θk)‖
≥ −‖θk+1 − θk‖ · L‖θ̃k − θk‖
= −‖θk+1 − θk‖ · L(1− λ) · ‖θk+1 − θk‖
≥ −L · ‖θk+1 − θk‖2,



with the constant L being defined in (5). By taking condi-
tional expectation over Fk on both sides, we further obtain

E[Wk+1 | Fk] ≥ J(θk) + E[(θk+1 − θk) | Fk]>∇J(θk)

− LE(‖θk+1 − θk‖2 | Fk)− Lˆ̀2
∞∑

j=k+1

α2
k

≥ J(θk) + E[(θk+1 − θk) | Fk]>∇J(θk)

− Lα2
k

ˆ̀2 − Lˆ̀2
∞∑

j=k+1

α2
k, (12)

where the first inequality comes from substituting θk+1 −
θk = αk∇̂J(θk) and the second one uses the fact that
E[‖∇̂J(θk)‖2] ≤ ˆ̀2. By definition of J(θ), we have

E[J(θk+1) | Fk]

≥ J(θk) + E[(θk+1 − θk) | Fk]>∇J(θk)− Lα2
k

ˆ̀2,

which establishes the first argument of the lemma.
In addition, note that

E[(θk+1 − θk) | Fk] = αkE(∇̂J(θk) | Fk) = αk∇J(θk),

which we may substitute into the right-hand side of (12), and
upper-bound the negative constant terms by null to obtain

E(Wk+1 | Fk) ≥Wk + αk‖∇J(θk)‖2.

This concludes the proof.

Now we are ready to show that as k → ∞, ‖∇J(θk)‖
converges to zero almost surely. Note that Wk is bounded
by J∗, the global maximum of J(θ). Hence, (11) can be
re-written as

E(J∗ −Wk+1 | Fk) ≤ (J∗ −Wk)− αk‖∇J(θk)‖2,

where {J∗ −Wk} is a nonnegative sequence. By the super-
martingale convergence theorem [32], we have

∞∑
k=1

αk‖∇J(θk)‖2 <∞, a.s. (13)

Due to Assumption 2 that the stepsize {αk} is non-
summable, (13) holds if the following is satisfied:

lim inf
k→∞

‖∇J(θk)‖ = 0. (14)

Now it suffices to show that lim supk→∞ ‖∇J(θk)‖ =
0. We show this by contradiction. We construct a sequence
of {θk} that has two sub-sequences lying in two disjoint
sets. We aim to establish a contradiction on the sum of the
distances between the points in the two sets. To this end,
suppose that for some random realization ω ∈ Ω

lim sup
k→∞

‖∇J(θk)‖ = ε > 0; (15)

then this implies that for infinitely many k, ‖∇J(θk)‖ ≥
2ε/3. On the other hand, (14) implies that ‖∇J(θk)‖ ≤ ε/3
for infinitely many k. Therefore, we can define the sets N1

and N2 as follows:

N1 = {θk : ‖∇J(θk)‖ ≥ 2ε/3}, N2 = {θk : ‖∇J(θk)‖ ≤ ε/3}.

Note that by Lemma 1 ‖∇J(θ)‖ is continuous. Thus, both
sets are closed in the Euclidean space. We define the distance
between the two sets as

D(N1,N2) = inf
θ1∈N1

inf
θ2∈N2

‖θ1 − θ2‖.

Then D(N1,N2) must be a positive number, because the sets
N1 and N2 are disjoint and closed. Moreover, there exists an
index set I such that the subsequence {θk}k∈I of {θk}k≥0

crosses the two sets infinitely often. In particular, there exist
two sequences of indices {si}i≥0 and {ti}i≥0 such that

{θk}k∈I = {θsi , · · · , θti−1}i≥0,

with {θsi}i≥0 ⊆ N1, {θti}i≥0 ⊆ N2, and for any indices
k = si + 1, · · · , ti− 1 ∈ I (not including si) in between the
indices {si} and {ti}, we have

ε

3
≤ ‖∇J(θk)‖ ≤ 2ε

3
≤ ‖∇J(θsi)‖.

Setting aside this expression for now, let us analyze the norm-
difference of iterates θk associated with indices in I. By the
triangle inequality, we may write∑

k∈I

‖θk+1 − θk‖ =

∞∑
i=0

ti−1∑
k=si

‖θk+1 − θk‖

≥
∞∑
i=0

‖θsi − θti‖ ≥
∞∑
i=0

D(N1,N2) =∞. (16)

Moreover, (13) implies that

∞ >
∑
k∈I

αk‖∇J(θk)‖2 ≥
∑
k∈I

αk ·
ε2

9
,

using the definition of ε in (15). We may therefore conclude
that

∑
k∈I αk < ∞. Also from Theorem 1, we have that

the stochastic policy gradient has a finite first moment:
E(‖∇̂J(θk)‖) <∞. Taken together, we therefore have∑

k∈I

E(‖θk+1 − θk‖) =
∑
k∈I

αkE(‖∇̂J(θk)‖) <∞.

The monotone convergence theorem then implies that∑
k∈I ‖θk+1 − θk‖ < ∞ almost surely, which contradicts

(16). Therefore, (16) must be false, which implies that the
hypothesis that the limsup is bounded away from zero, as in
(15), is invalid. As a consequence, its negation must be true:
the set of sample paths for which this condition holds has
measure zero. This allows us to conclude

lim sup
k→∞

‖∇J(θk)‖ = 0, a.s.

This statement together with (14) allows us to conclude that
limk→∞ ‖∇J(θk)‖ = 0 a.s., which completes the proof.

Theorem 2 verifies that the proposed RPG algorithm
converges almost surely to the (first-order) stationary points
of J(θ). This result is established from an optimization
perspective using supermartingale convergence theorem [32],
which differs from existing techniques based on the theory of
dynamical systems (or ODE method) [4]. This optimization



perspective can be established due to the unbiasedness of the
stochastic policy gradients.

An additional virtue of this perspective is that we can also
establish convergence rate of the policy gradient method. In
fact, the finite-iteration analysis for actor-critic algorithms
is known to be quite challenging [33], [34], [35]. Here we
choose the stepsize to be either αk = k−a for some parame-
ter a ∈ (0, 1) or constant αk = α > 0. This way, the choice
of the stepsize is more general than that in Assumption
2. Following the literature of nonconvex optimization, we
consider the norm of the gradient ‖∇J(θk)‖ as the metric
to establish the convergence rate. The results using both
diminishing and constant stepsizes are formally stated in the
theorem below and the corollary that follows it.

Theorem 3 (Convergence Rate of Algorithm 2 with Dimin-
ishing Stepsize). Let {θk}k≥0 be the sequence of parameters
of the policy πθk given by Algorithm 2. Let the stepsize be
αk = k−a where a ∈ (0, 1). Let

Kε = min
{
k : inf

0≤m≤k
E‖∇J(θm)‖2 ≤ ε

}
.

Then, under Assumption 1, we have Kε ≤ O(ε−1/p), where
p is defined as p = min{1− a, a}. By optimizing over a, we
obtain Kε ≤ O(ε−2) with a = 1/2.

Proof. By Lemma 2, we can write

E[J(θk+1) | Fk]

≥ J(θk) + E[(θk+1 − θk) | Fk]>∇J(θk)− Lα2
k

ˆ̀2

= J(θk) + αk‖∇J(θk)‖2 − Lα2
k

ˆ̀2. (17)

Let U(θ) = J∗− J(θ), where J∗ is the global optimum2 of
J(θ). Then, we immediately have 0 ≤ U(θ) ≤ 2UR/(1−γ),
since |J(θ)| ≤ UR/(1 − γ) for any θ. Moreover, we may
write (17) as

E[U(θk+1) | Fk] ≤ U(θk)− αk‖∇J(θk)‖2 + Lα2
k

ˆ̀2. (18)

Let N > 0 be an arbitrary positive integer. By re-ordering
the terms in (18) and summing over k−N, · · · , k, we have

k∑
m=k−N

E‖∇J(θm)‖2

≤
k∑

m=k−N

1

αm
·
{
E[U(θm)]− E[U(θm+1)]

}
+

k∑
m=k−N

Lαm ˆ̀2

=

k∑
m=k−N

(
1

αm
− 1

αm−1

)
· E[U(θm)]− 1

αk
· E[U(θk+1)]

+
1

αk−N−1
· E[U(θk−N )] +

k∑
m=k−N

Lαm ˆ̀2 (19)

where the equality follows from adding and subtracting an
additional term αk−N−1

−1 · E[U(θk−N )]. Now, using the
fact that the value sub-optimality is bounded by 0 ≤ U(θ) ≤

2Such an optimum is assumed to exist for the parameterization πθ .

2UR/(1 − γ), we can further bound the right-hand side of
(19) as

k∑
m=k−N

(
1

αm
− 1

αm−1

)
· E[U(θm)]− 1

αk
· E[U(θk+1)]

+
1

αk−N−1
· E[U(θk−N )] +

k∑
m=k−N

Lαm ˆ̀2

≤
k∑

m=k−N

(
1

αm
− 1

αm−1

)
· 2UR

1− γ

+
1

αk−N−1
· 2UR

1− γ
+

k∑
m=k−N

Lαm ˆ̀2

≤ 1

αk
· 2UR

1− γ
+

k∑
m=k−N

Lαm ˆ̀2, (20)

where we drop the nonpositive term −E[U(θk+1)]/αk and
upper-bound E[U(θm)] by 2UR/(1 − γ) for all m = k −
N, · · · , k. We use the fact that the stepsize is non-increasing
αm ≤ αm+1, such that 1/αm ≥ 1/αm+1. By substituting
αk = k−a into (20) and then (19), we further have

k∑
m=k−N

E‖∇J(θm)‖2

≤ O
(
ka · 2UR

1− γ
+ Lˆ̀2 · [k1−a − (k −N)1−a]

)
. (21)

Setting N = k − 1 and dividing both sides by k on both
sides of (21), we obtain

1

k

k∑
m=1

E‖∇J(θm)‖2 (22)

≤ O
(
ka−1 · 2UR

1− γ
+ Lˆ̀2 · [k−a − k−1]

)
≤ O(k−p),

where p = min{1− a, a}. By definition of Kε, we have

E‖∇J(θk)‖2 > ε, for any k < Kε,

which together with (22) gives us

ε ≤ 1

Kε

Kε∑
m=1

E‖∇J(θm)‖2 ≤ O(K−pε ).

This shows that Kε ≤ O(ε−1/p). Note that
maxa∈(0,1) p(a) = 1/2 with a = 1/2, which concludes the
proof.

Corollary 1 (Convergence Rate of Algorithm 2 with Con-
stant Stepsize). Let {θk}k≥0 be the sequence of parameters
of the policy πθk given by Algorithm 2. Let the stepsize be
αk = α > 0. Then, under Assumption 1, we have

1

k

k∑
m=1

E‖∇J(θm)‖2 ≤ O(αLˆ̀2),

where L is the Lipschitz constant of the policy gradient as
defined in (5) in Lemma 1.
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Fig. 1: The convergence of discounted return J(θ) when
REINFORCE and the proposed RPG (Algorithm 2) are used.
Both diminishing and constant stepsizes are used for RPG.

Proof. From (19) in the proof of Theorem 3, we obtain that
for any k > 0 and 0 ≤ N < k,

k∑
m=k−N

E‖∇J(θm)‖2

≤
k∑

m=k−N

1

α

{
E[U(θm)]− E[U(θm+1)]

}
+

k∑
m=k−N

Lαˆ̀2

≤ 1

α
· 2UR

1− γ
+ (N + 1) · Lαˆ̀2, (23)

where the second inequality follows from the fact that 0 ≤
U(θ) ≤ 2UR/(1− γ). By choosing N = k− 1 and dividing
both sides of (23) by k, we obtain

1

k

k∑
m=1

E‖∇J(θm)‖2 ≤ 1

kα
· 2UR
1− γ + Lαˆ̀2 ≤ O(αLˆ̀2), (24)

which completes the proof.

By Theorem 3, we know that with diminishing stepsize,
a 1/
√
k rate for the convergence of the expected gradient

norm square ‖∇J(θk)‖2 is established. By Corollary 1, we
know that the average of the gradient norm square will
converge to a neighborhood around zero with the rate of
1/k. Note that the neighborhood size is characterized by
the stepsize α. Specifically, (24) illustrates that a smaller
stepsize may reduce the neighborhood size, but also sacrifice
the convergence speed. In fact, both results recover the
convergence properties of stochastic gradient descent for
nonconvex optimization problems, which are standard in the
literature [17], [36].

V. SIMULATIONS

In this section, we provide some numerical results to vali-
date our theory in Sec. IV. We use the Pendulum environment
in the OpenAI gym [37] to be the test environment, since it
can be modeled within a discounted infinite-horizon setting.
Specifically, the pendulum is initialized to be in a random

1e7

1e9
        

1e5

1e3

 1e1

1e-1

1e-3

Fig. 2: The convergence of gradient norm square
E‖∇J(θm)‖2 when the proposed RPG (Algorithm 2) with
different stepsizes are used.

position, and the objective of the task is to swing it up so that
it stays upright. The state st here has dimension 3, which
is defined as st = (cos(θt), sin(θt), θ̇t)

>. Here θt denotes
the angle between the pendulum and the upright direction,
and θ̇t denotes the derivative of θt. The action at is a one-
dimensional scalar representing the joint effort. The reward
R(st, at) is defined as

R(st, at) := −(θ2 + 0.1 ∗ θ̇2 + 0.001 ∗ a2
t )− 0.5. (25)

Since θ is normalized between [−π, π] and at lies in
[−20, 20], the reward R(st, at) lies in [−17.1736044,−0.5].
The transition probability is determined by the physical
rules of Newton’s Second Law. The discounted factor γ is
0.97. We use Gaussian policy πθ, which is parameterized
as πθ(· | s) = N (µθ(s), σ

2), and truncated over [−20, 20].
Here we choose σ = 1.0 and µθ(s) : S → A to be
a neural network that has two hidden layers. 10 neurons
are included in each hidden layer, and softmax is used as
activation functions. At the output layer of µθ(s), tanh is
used as the activation function.

First, we compare the performance of our RPG with that
of the popular REINFORCE algorithm [38]. Recall that
REINFORCE creates bias in the policy gradient estimate.
To make a fair comparison, we set the rollout horizon of
REINFORCE to be the expected value of the geometric
distribution with success probability 1 − γ1/2, the same
distribution that the rollout horizon for Q-function estimate in
Algorithm 1 is drawn from, i.e., T = γ1/2/(1− γ1/2) = 66.
For RPG, we test both diminishing and constant stepsizes,
where the former is set as αk = 1/

√
k and the latter is set

as αk = 0.05 for all k ≥ 0. Fig. 1 plots the discounted
return obtained along the iterations of REINFORCE and
our proposed RPG algorithms. The return is estimated by
running the algorithms 30 times. The bar areas represent the
standard deviation region calculated using the 30 simulations.
It is shown that our proposed algorithms perform slightly
better than REINFORCE in terms of discounted return, but
with higher variance. This is expected since our policy



gradient estimates are unbiased, compared to REINFORCE.
Moreover, the higher variance possibly comes from the
additional randomness of the rollout horizon in RPG.

We also evaluate the convergence of the expected gradient
norm square studied in Theorem 3 and Corollary 1. Fig. 2
plots the empirical estimates of E‖∇J(θm)‖2 after 30 runs of
the algorithms. It is verified that using diminishing stepsize
results in convergence of the gradient norm to zero a.s. (the
curve keeps decreasing), while using constant stepsizes leads
to an error that is lower-bounded above zero (the curves
stay mostly unchanged after certain episodes). Moreover, it
is shown that a smaller constant stepsize indeed creates a
smaller size of the error neighborhood. Convergence rates
under both diminishing and constant stepsize choices are
sublinear, as identified in our theoretical results.

VI. CONCLUDING REMARKS

In this paper, we have studied the convergence properties
of a variant of policy gradient methods for infinite-horizon
RL problems. Thanks to the random rollout horizon used, our
algorithm provides an unbiased estimate of policy gradients,
which enables the use of analysis tools from nonconvex
optimization to establish both almost sure convergence and
convergence rates. More interestingly, such a link between
PG methods in RL and nonconvex optimization facilitates
the improvements of PG methods from the nonconvex opti-
mization perspective in the future, such as rate improvements
through acceleration and Quasi-Newton methods, and con-
vergence to second-order stationary points [2].
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[26] K. Zhang, Z. Yang, and T. Başar, “Networked multi-agent rein-
forcement learning in continuous spaces,” in Proceedings of IEEE
Conference on Decision and Control, 2018, pp. 5872–5881.

[27] M. Pirotta, M. Restelli, and L. Bascetta, “Policy gradient in Lipschitz
Markov Decision processes,” Machine Learning, vol. 100, no. 2-3, pp.
255–283, 2015.

[28] M. Papini, D. Binaghi, G. Canonaco, M. Pirotta, and M. Restelli,
“Stochastic variance-reduced policy gradient,” in International Con-
ference on Machine Learning, 2018, pp. 4026–4035.

[29] V. R. Konda and V. S. Borkar, “Actor-critic–type learning algorithms
for markov decision processes,” SIAM Journal on Control and Opti-
mization, vol. 38, no. 1, pp. 94–123, 1999.

[30] K. Doya, “Reinforcement learning in continuous time and space,”
Neural Computation, vol. 12, no. 1, pp. 219–245, 2000.

[31] C. Jin, R. Ge, P. Netrapalli, S. M. Kakade, and M. I. Jordan, “How
to escape saddle points efficiently,” arXiv preprint arXiv:1703.00887,
2017.

[32] H. Robbins and D. Siegmund, “A convergence theorem for non-
negative almost supermartingales and some applications,” in Herbert
Robbins Selected Papers. Springer, 1985, pp. 111–135.

[33] G. Dalal, B. Szorenyi, G. Thoppe, and S. Mannor, “Finite sample
analysis of two-timescale stochastic approximation with applications
to reinforcement learning,” arXiv preprint arXiv:1703.05376, 2017.

[34] Z. Yang, K. Zhang, M. Hong, and T. Başar, “A finite sample analysis
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