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Conservative Multi-agent Online Kernel Learning
in Heterogeneous Networks

Hrusikesha Pradhan?, Amrit Singh Bedi†, Alec Koppel†, and Ketan Rajawat?

Abstract—In this paper, we consider a decentralized hetero-
geneous network of agents that seek to cooperatively estimate a
function belonging to reproducing kernel Hilbert space (RKHS),
motivated by supervised learning. Since the network is assumed
to be heterogeneous, imposing consensus constraints fails to
allow agents to retain their local differences in their estimates,
which motivates the use of nonlinear constraints to incentivize
coordination. We develop a decentralized functional stochastic
variant of the primal-dual (Arrow-Hurwicz) method. We use a
dynamically regularized Lagrangian relaxation to derive conver-
gence in expectation of this scheme to a optimality gap of O(

√
T )

with zero constraint violation when used with a constant step-size,
where T is the final iteration index. Further, the decentralized
algorithms performance is validated on real world data set for
estimating temperature and salinity from depth measurements
of the Gulf of Mexico.

I. INTRODUCTION

In distributed online learning, agents in a network G =
(V, E) seek to estimate a function which minimizes an ob-
jective which is common to the whole network while only
exchanging information with neighbors and using their locally
available data stream. The global objective is the sum of local
convex objectives across different nodes of the network, which
depends on distinct locally observed data. This framework
arises networked control [1], [2], distributed signal processing
[3], federated machine learning [4], robotics [5], communica-
tions [6], and social media [7].

Distributed methods typically operate by introducing a local
copy of the global variable, and impose consensus, i.e., all
the nodes are pushed to a common decision. Then, they may
be solved with distributed versions of gradient descent [2]
or methods based upon Lagrangian relaxation [8]–[10]. By
contrast, we focus on the case where agents’ local information
may be distinct, but still cooperation is advantageous, which
arises in settings with spatial correlation [6]. This behavior
may be mathematically modeled by a nonlinear convex lo-
cal proximity constraint, for which primal-dual methods are
appropriate – see [11].

Our focus is on settings where data arrives sequentially
[12], which makes evaluation of gradients unavailable. Instead,
gradients must be estimated using samples. This may be
accomplished with stochastic approximation [13], which sub-
stitutes full gradients with stochastic gradients, and therefore is
able to operate on samples as they arrive. Stochastic variants of
primal-dual methods have been successfully applied to online
multi-agent settings when one seeks to estimate vector-valued
parameters in [14], [15].
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However, the restriction to vector parameters precludes state
of the art techniques based upon universal function approxima-
tors, i.e., deep neural networks [16] and kernel methods [17].
We focus on the later, motivated by the fact they are able to
gain universality while preserving convexity, via the “kernel
trick” [18]. More specifically, the Representer theorem implies
that nonlinearity may be subsumed into a weighted basis
expansions over kernel evaluations over N training points
[19]. Unfortunately for online settings, N grows to infinity.
To address this memory issue, hard thresholding projections
of the function into the subspaces defined by the past training
samples may be employed to carefully balance complexity and
convergence [20].

Online learning with constraints has been considered ex-
tensively in recent years. In the case of nonlinear statistical
models, primal-dual schemes have been employed for linear
[21] and nonlinear constraints [22], whose convergence has
been established in terms of expected sub-optimality O(

√
T )

and constraint violation O(T 3/4) in terms of a final iteration
index T results. This matches primal-only results for uncon-
strained online optimization [23]. In this work, we improve
upon these results, preserving the same sub-optimality rates
while ensuring strict feasibility. More specifically, we tighten
existing primal sub-optimality rates while ensuring strict fea-
sibility [24] through the use of a dynamic regularization of the
dual update, generalizing [25] to nonparametric settings.

The main contributions of this work then are to formulate
a nonparametric proximity-constrained optimization problem
for multi-agent networks, akin to [26]. Relative to [26], our
main contributions are to (i) propose a conservative version of
the algorithm in [26] which improves the convergence of time-
aggregation of the constraint violation from O(T 3/4) to zero
without hampering the optimality of O(

√
T ); (ii) we provide

a bound on the number of points (model order) used to learn
the model; and (iii) implement the algorithm on a real data
set obtained from World Oceanic Database [27].

II. PROBLEM FORMULATION

We consider an expected risk minimization problem where
we want to solve the constrained optimization problem over
function f minimizing the global loss averaged over observed
data samples. We define a symmetric, connected, and directed
network G = (V, E) with |V| = V nodes and |E| = M edges
and denote as ni := {j : (i, j) ∈ E} the neighborhood of
agent i. Each agent i ∈ V observes a local data sequence
as realizations (xi,t, yi,t) at time instant t from random pair
(xi, yi) ∈ X × Y , where xi ∈ Rp and yi ∈ R, and tries
to learn local optimum function fi. This multi-agent setting
can be realized by associating to each node i a convex
loss functional `i : H × X × Y → R that measures the
merit of the estimator fi(xi) evaluated at feature vector xi.
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The goal for each node is the minimization of the common
global loss which is the sum of local objectives. Motivated
by the differences in the local data we introduce a convex
local proximity constraint hij(fi, fj) with tolerance parameter
γij ≥ 0 and thereby avoiding making common decisions. We
also assume that hij(fi, fj) = hji(fj , fi). Thus, now we write
our main problem as in [26] as follows

f? =argmin
{fi}∈H

∑
i∈V

(
Exi,yi

[
`i(fi

(
xi), yi

)]
+
λ

2
‖fi‖2H

)
s.t. Exi

[
hij(fi(xi), fj(xi))

]
≤ γij , for allj∈ ni, (1)

where H represents RKHS and the expectation is over
the data samples (xi, yi). For compactness, denote HV as
functions aggregated over the network whose elements are
stacked functions f(·) = [f1(·); · · · ; fV (·)] that yield vec-
tors of length V when evaluated at local random vectors
f(x) = [f1(x1); · · · ; fV (xV )] ∈ RV . Moreover, denote
x = [x1; · · · ;xV ] ∈ X V ⊂ RV p and y = [y1; · · · yV ] ∈ RV .

The optimization problem in (1), is intractable in general,
since it defines a variational inference problem integrated over
the unknown joint distribution P(x, y). However, when H is
equipped with a reproducing kernel κ : X × X → R (see
[18]), a function estimation problem of the form (1) may be
reduced to a parametric form via the Representer Theorem
[19]. Thus, we restrict the Hilbert space to be RKHS, i.e.,
for f̃ : X → R in H, it holds that (i) 〈f̃ , κ(xi, ·))〉H =
f̃(xi), (ii) H = span{κ(xi, ·)} for all xi ∈ X and 〈·, ·〉H
denotes the Hilbert inner product for H. Further assume that
the kernel is positive semidefinite, i.e., κ(xi,x′i) ≥ 0 for all
xi,x

′
i ∈ X . The optimal function in (1) can be represented in

terms of linear combinations of kernels evaluated at training
points via the Representer theorem generalized to constrained
muti-agent settings given in [26, Corollary 1].

We now present the conservative version of (1) to vanish
the long term constraint violation. To achieve this, we add ν
to the constraint in (1) to reformulate the problem as follows

f?ν = argmin
{fi}∈H

∑
i∈V

(
Exi,yi [`i(fi

(
xi), yi

)
] +

λ

2
‖fi‖2H

)
s.t. Exi

[hij(fi(xi), fj(xi))] + ν ≤ γij , for all j∈ ni, (2)

By the modification in (2), we consider a more stricter
constraint than (1). This strict constraint makes the result-
ing sequence of solutions satisfy the long term constraints∑T
t=1 E[hij(fi(xi,t), fj(xi,t))] ≤ γij for all (i, j) even though

the original constraint of (1) is violated on many instances.
This reformulation is able to achieve the optimality gap of
O(
√
T ) while satisfying the constraints in the long run. This

is an interesting result as in the process of satisfying the
constraints on the long run, we don’t compromise on the
optimality gap as opposed to O(T 3/4) which we achieve when
ν = 0 achieved in [24].

III. DECENTRALIZED ALGORITHM

This section develops an online and decentralized algorithm
for solving (2) when {fi}i∈V are elements of a RKHS. To

do so, we consider the stochastic estimate of the augmented
Lagrangian of (2) evaluated at sample (xi,t, yi,t),

L̂t(f ,µ) :=
∑
i∈V

[
`i(fi

(
xi,t), yi,t

)
+
λ

2
‖fi‖2H (3)

+
∑
j∈ni

{
µij

(
hij(fi(xi,t), fj(xi,t)) + ν − γij

)
− δη

2
µ2
ij

}]
,

where δ, η > 0 for the dual variable µij . The regularization
term in (3) controls the violation of non-negative constraints
on the dual variable over time t. The alternating primal/dual
stochastic descent/ascent update steps corresponding to (3) are:

fi,t+1 =fi,t(1− ηλ)− η
[
`′i(fi,t(xi,t), yi,t) (4)

+
∑
j∈ni

µij,th
′
ij(fi,t(xi,t), fj,t(xi,t))

]
κ(xi,t, ·).

µij,t+1=
[
µij,t(1−δη2)+η

(
hij(fi,t(xi,t), fj,t(xi,t))−γij+ν

)]
+
.

The detailed calculation of the updates in (4) are provided in
[28]. Further, the V-fold stacking of fi,t+1 across all nodes at
instant t is denoted as ft+1 and similarly the M -fold stacking
of µij,t+1 across all the edges is denoted as µt. The sequence
of (ft,µt) is initialized by f0 = 0 ∈ HV and µ = 0 ∈
RM+ . Using the Representer theorem given in [26], fi,t can be
written in terms of kernels evaluated at past observations as

fi,t(x) =

t−1∑
n=1

wi,nκ(xi,n,x) = wT
i,tκXi,t

(x) . (5)

We define Xi,t = [xi,1, . . . ,xi,t−1] ∈ Rp×(t−1),
κXi,t

(·) = [κ(xi,1, ·), . . . , κ(xi,t−1, ·)]T , and wi,t =
[wi,1, . . . wi,t−1]

T ∈ Rt−1 on the right-hand side of (5).
Combining the update in (4) along with the kernel expansion
in (5), implies that the primal functional stochastic descent step
in HV results in the following V parallel parametric updates
on both kernel dictionaries Xi and wi:

Xi,t+1 = [Xi,t, xi,t] , (6)

[wi,t+1]u=


(1− ηλ)[wi,t]u for 0 ≤ u ≤ t− 1

−η
(
`′i(fi,t(xi,t), yi,t)

+
∑
j∈ni

µij,th
′
ij(fi,t(xi,t), fj,t(xi,t))

)
, for u = t

From (6) we note that each time one more column gets
added to the columns in Xi,t, an instance of the curse of
kernelization. We define the number of data points, i.e., the
number of columns of Xi,t at time t as the model order
(Mi,t). We note that for the update in (4), the model or-
der is t − 1 and it grows unbounded with iteration index
t. To alleviate the aforementioned memory bottleneck, we
project the function sequence (4) onto a lower dimensional
subspace such that HD ⊆ H, where HD is represented by
a dictionary D = [d1, . . . , dM ] ∈ Rp×M . Similarly, we
define dictionaries Di,t and subspace HDi,t

for each agent
at time t. Now, we project the update in (4) to a lower
dimensional subspace HDi,t+1

= span{κ(di,n, ·)}Mt+1

n=1 as
fi,t+1 = PHDi,t+1

[
f̃i,t+1

]
, where we define the projection

operator PDi,t+1
onto subspace HDi,t+1

⊂ H. The function
f̃i,t+1 is the un-projected functional update given in (4). The
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Algorithm 1 Conservative Learning with Kernels

Require: {xt,yt}t=0,1,2,..., ε, η, ν and δ
initialize fi,0(·) = 0,Di,0 = [],w0 = [], i.e. initial
dictionary, coefficients are empty for each i ∈ V
for t = 0, 1, 2, . . . do

loop in parallel for agent i ∈ V
Observe local training example realization (xi,t, yi,t)
Send xi,t to neighbors j ∈ ni and receive fj,t(xi,t)
Receive xj,t from neighbors j ∈ ni and send fi,t(xj,t)

Update primal variable f̃i,t+1 using (4)
Update dual variables for j ∈ ni using (4)
Update params: D̃i,t+1=[Di,t, xi,t], w̃i,t+1 [cf. (7)]

Greedily compress function using matching pursuit

(fi,t+1,Di,t+1,wi,t+1)= KOMP(f̃i,t+1,D̃i,t+1,w̃i,t+1,ε)

end loop
end for

update fi,t+1 = PHDi,t+1

[
f̃i,t+1

]
, is equivalent to finding

coefficients of kernels evaluated at points of fixed dictionary
Di,t+1 ∈ Rp×Mt+1 . To notice this, we first form the original
dictionary D̃i,t+1 and coefficient vector w̃i,t+1

D̃i,t+1 = [Di,t, xi,t] , (7)

[w̃i,t+1]u =


(1− ηλ)[wi,t]u, for 0 ≤ u ≤ t− 1

−η
(
`′i(fi,t(xi,t), yi,t)

+
∑
j∈ni

µij,th
′
ij(fi,t(xi,t), fj,t(xi,t))

)
, for u = t

from the un-projected functional update step in (4). Now,
similar to [20], we handle the uncontrollable memory growth
in the dictionary by using a variant of kernel orthogonal match-
ing pursuit algorithm (KOMP). This algorithm projects the
function sequences onto subspaces defined by a compressed
dictionary D̃i,t+1 for ith node at instant t for a compression
budget ε and obtains dictionary Di,t+1 as given in Algorithm
1. The number of points in Di,t is denoted by Mi,t.

IV. CONVERGENCE RESULTS

Now with the Algorithm 1 stated, we now present the
convergence in expectation result of the optimality gap and
constraint violation for a constant step size rule. Before doing
so, we state the key assumptions required to analyze the
convergence behavior and present the main result.
[A1] The feature space X ⊂ Rp and target domain Y ⊂
R are compact, and the kernel map may be bounded as
supx∈X

√
κ(x,x) = X <∞.

[A2] The local losses `i(fi(x), y) are convex and differentiable
with respect to the first (scalar) argument fi(x) on R for all
x ∈ X and y ∈ Y . Moreover, the instantaneous losses `i :
H×X × Y → R are Ci-Lipschitz continuous

|`i(z, y)− `i(z′, y)| ≤ Ci|z− z′| for all z with y fixed, (8)

where C := maxi Ci is the largest modulus of continuity.
[A3] The constraint functions hij for all (i, j) ∈ E are
all uniformly Lh-Lipschitz continuous in its first (scalar)
argument; i.e., there exist constant Lh, such that

|hij(z, y)− hij(z′, y)| ≤ Lh|z − z′|, for all z, z′ ∈ R, (9)

and is also convex w.r.t the first argument z.
[A4] There exists f† such that for all (i, j) ∈ E , we have
hij(f

†
i , f
†
j ) + ξ ≤ γij , for some ξ > 0, which implies that the

constraint is strictly satisfied.
[A5] The functions fi,t+1 output from KOMP have Hilbert
norm bounded by RB ≤ ∞. Also, the optimal f?i lies in the
ball B with radius RB.

Now using Assumption IV, we bound the gap between
optimal of problem (1) and (2) and is presented as Lemma
1.

Lemma 1 Under Assumption A2, A4 and A5, for 0 ≤ ν ≤
ξ/2, it holds that:

S(f∗ν )− S(f∗) ≤
4V RB(CX + λRB)

ξ
ν (10)

where S(f) :=
∑
i∈V
[
`i(fi

(
xi,t), yi,t

)
+ λ

2 ‖fi‖
2
H
]
.

The proof of Lemma 1 is provided in [28]. The importance
of Lemma 1 is that it establishes the fact that the gap
between the solutions of the problem (1) and (2) is O(ν).
For the completeness of Theorem 1, we define constant

ζ ≥ R2
B+ (1 + δ)

[
2 + 2

(
4V RB(CX+λRB)

ξ

)2]
+ 4V PRB +

8V X2C2+4V λ2 ·R2
B+2MK1+2ML2

hX
2 ·R2

B, which will
be used for defining ν below in Theorem 1 and the detailed
derivation of ζ is shown in the proof of Theorem 1 in [28].

Theorem 1 Suppose Assumptions A1-A5 hold and ν =
ζT−1/2, and (ft,µt) be the sequence of Algorithm 1 under
constant step-size η = T−1/2 and compression budget ε .

i The time-aggregation of the expected sub-optimality
grows sub-linearly with horizon T as

T∑
t=1

E[S(ft)− S(f?)] ≤ O(
√
T ) + V εT 3/2

(
2RB+ε

)
.

where f? is defined by (1).
ii Moreover, the aggregate constraint is met, i.e.,

T∑
t=1

E
[
hij(fi(xi,t), fj(xi,t))− γij

]
≤0, for all (i, j) ∈ E .

Theorem 1 bounds the optimality gap in terms of number of
iterations (T ) and compression budget, ε. Specifically if we
consider ε in terms of step size, η = T−1/2 and write ε = Pη2,
then the optimality gap stated in Theorem 1 can be written as

T∑
t=1

E[S(ft)− S(f?)] ≤ O(
√
T ). (11)

Thus, Theorem 1 establishes that the time-aggregation of the
sub-optimality sequence associated with Algorithm 1 when run
with fixed step-size η = T−1/2 is bounded by constant less
than T , i.e., O(

√
T ). Moreover for a particular choice of ν, we

also satisfy the constraints on average. The proof of Theorem
1 is presented in [28, Appendix A].

The radius of these error neighborhood may be reduced
by appropriately adjusting the step-size η = 1/

√
T . Here,

we achieve the same primal suboptimality of O(
√
T ) but
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Fig. 1: In Fig. 1(a) we show the convergence of global objective
∑

i Exi,yi [`(fi,t(xi), yi)] versus the number of samples processed and in Fig. 1(b) we
plot the constraint violation for temperature. Similarly in Fig. 1(c) and (d) we show the convergence of global objective and constraint violation for salinity
field. We choose λ = δ = 10−5, and η = 0.01 for measurement of both temperature and salinity field. The M in legends denotes the final model order.

with zero constraint violation as compared to O(T 3/4) in
[24] and O(

√
T ) in [25]. In [24], the authors achieved zero

average constraint violation but with inferior optimality gap
of O(T 3/4). In this paper we also generalized the result of
sublinear convergence of objective error sequence in [22]
to multi-agent settings with proximity constraints but with
aggregated average constraint violation going to zero.

Now, we establish a upper bound on the memory order of
function fi,t obtained from Algorithm 1 in terms of the abso-
lute value of the dual variable update. Thus, using Assumption
A2 and A3 we present the model order theorem.

Theorem 2 Let fi,t denote the function sequence of agent i at
tth instant generated from Algorithm 1 with dictionary Di,t.
Denote Mi,t as the model order representing the number of
dictionary elements in Di,t. Then with constant step size η =
1/
√
T and compression budget ε, for a Lipschitz Mercer kernel

κ on a compact set X ⊂ Rp, there exists a constant β such
that for any training set {xi,t}∞t=1, Mi,t satisfies

Mi,t ≤ β

(
ηRM
ε

)p
, (12)

where RM = C + LhMRi,t and Ri,t = maxj∈ni |µij,t|. The
total model order, Mt of the network consisting of N nodes
can be written as

Mt ≤ N max
i
Mi,t. (13)

The result in Theorem 2 presents a quantitative aspect of the
compression algorithm running in Algorithm 1, and presents
a bound on the model order of an individual gent i and as
well of the multi-agent network. The proof of Theorem 2 is
presented in [28, Appendix B].

V. NUMERICAL RESULTS

We run Algorithm 1 on the data obtained from multi-
ple underwater sensors in the Gulf of Mexico from World
Oceanic Database [27] for estimating temperature and salinity
parameters at different locations with varying depths, during
the winter time-period. The readings of the climatological
fields are obtained for a particular latitude and longitude at
standard depths starting from 0 meters to 5000 meters. The
latitude and longitude specifies the node (sensor) location.
The experiment is carried out considering 50 nodes, where
edges are determined by measuring the distance between

two nodes, and drawing an edge to a particular node if its
distance is less than 1000 kilometers away. The proximity
parameter γij between two nodes is obtained by evaluating
exp(−dist(i, j)/1000), where dist(i, j) measures the distance
between two nodes in kilometers. We solve problem (1) by
minimizing the regularized quadratic loss between estimated
climatological field fi(di) and observed climatological field
yi over function fi using Algorithm 1. Thus we predict
the statistical mean of the temperature and salinity field of
different nodes at varying depths and compare it with the real
data obtained from the World Oceanic database. We run the the
algorithm for a constant step-size η = 0.01 and regularizers λ,
δ set to 10−5. The bandwidth parameter of the Gaussian kernel
is set at σ = 50, and parsimony constant is fixed at two values,
P = 0.4 and 40. The parsimony constant for learning a single
function f (centralized approach:all data at a single location)
for all the data obtained across different locations is set at
P = 0.001 to ensure a fair comparison of comparably sized
models between the decentralized and centralized methods.

Fig. 1 (a) demonstrates that the prediction error for test
cases reduces with increasing samples for temperature field.
In Fig. 1 (a), the centralized function (denoted as “Sin”) for
all the data obtained across different locations gives a poor fit
resulting in high loss relative to the distributed case (denoted
as “Dist”). Fig. 1 (a) shows the final model order for the
distributed case with P = 0.4 for all the 50 nodes is 34
times 50, i.e., 1700, less compared to the complexity of the
centralized case, i.e., 2223. Thus, the centralized function fails
to fit the data with higher number of points in the dictionary
compared to the distributed case. Moreover, increasing the
parsimony constant from 0.4 to 40, i.e., increasing the error
tolerance, reduces model complexity at the cost of degrading
model fitness. In Fig. 1 (b), we display the constraint violation
over time (for decentralized case only). Note that it approaches
null across choice of parsimony constant. Moreover, Fig. 1 (a)
demonstrates that the complexity of nodes’ functions does not
grow, but rather remains stable even in the face of experimental
oceanic data, settling to Mi,t = 34 (resulting from KOMP
compression algorithm) compared to sample size 2430. Similar
performance is also observed for salinity field data in Fig. 1 (c)
and (d). The complexity for salinity data also settles to around
39, which is orders of magnitude smaller than the 2500 sample
size.
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